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!✉❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❡♠ ❞✐✈❡(!❛! 2(❡❛! ❞❡ ❝♦♥❤❡❝✐♠❡♥$♦✳ ❈♦♥$✉❞♦✱ ❛ ❡!❝♦❧❤❛ ❞❡ ✉♠❛ ❢✉♥;*♦
♥*♦ ❧✐♥❡❛(✱ 3✉❡ ♠❡❧❤♦( ❞❡✜♥❛ ♦! ❞❛❞♦! ♥*♦ # ✉♠❛ $❛(❡❢❛ ❢2❝✐❧✱ 3✉❛♥❞♦ ❛ (❡❧❛;*♦ ♠❛$❡♠2$✐❝❛
❡♥$(❡ ❛ ✈❛(✐2✈❡❧ (❡!♣♦!$❛ ❡ ❛! ✐♥❞❡♣❡♥❞❡♥$❡! # ❞❡!❝♦♥❤❡❝✐❞❛✳ ❈♦♥!✐❞❡(❛♥❞♦ ❛ ♣(♦❜❧❡♠2$✐❝❛
❞❛ ✐❞❡♥$✐✜❝❛;*♦ ❞❡ ✉♠❛ ❢✉♥;*♦ ♥*♦ ❧✐♥❡❛( ❛♣(♦♣(✐❛❞❛ ♣❛(❛ ❛❥✉!$❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ (❡❣(❡!✲
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❊✈✐❞❡♥❝✐❛♠♦!✱ ♥♦! ❝❡♥2(✐♦! ❡♠ 3✉❡ ♦ $❛♠❛♥❤♦ ❛♠♦!$(❛❧ # ♠❛✐♦( ❡✴♦✉ ❛ (❡❧❛;*♦ ❡♥$(❡ X ❡
Y # ♠❛✐! ❢♦($❡✱ 3✉❡ ♦ ▼❲ ♠♦!$(♦✉✲!❡ ❡✜❝✐❡♥$❡ ♥❛ ❞❡$❡❝;*♦ ❞❛ ❢✉♥;*♦ ♥*♦ ❧✐♥❡❛( ❣❡(❛❞♦(❛
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❞❡!❡♠♣❡♥❤♦ ❡♠ ❛♠♦!$(❛! ♠❡♥♦(❡! ✭n = 128✮✱ ♠❡❧❤♦(❛♥❞♦ ❛ $❛①❛ ❞❡ ❛❝❡($♦ ❡♠ ❛♠♦!$(❛!
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✸✳✹ ❙✐♠✉❧❛@,♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✹ ❘❡9✉❧#❛❞♦9 ❡ ❉✐9❝✉99;❡9 ✷✸
✹✳✶ K❡)❢♦)♠❛♥❝❡ ❞♦ ▼❲ ❡♠ ❋✉♥@M❡< ◆,♦ ▲✐♥❡❛)❡< ❙❡♠❡❧❤❛♥4❡< ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✹✳✷ ❆♣❧✐❝❛@,♦ ❡♠ ❉❛❞♦< ❘❡❛✐< ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✹✳✸ ❆♣❧✐❝❛@,♦ ❡♠ ❇❛<❡ ❞❡ ❉❛❞♦< ❘❡❛✐< ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✺ ❈♦♥9✐❞❡$❛(;❡9 ❋✐♥❛✐9 ✸✺
✻ ❘❡❢❡$@♥❝✐❛9 ❇✐❜❧✐♦❣$C✜❝❛9 ✸✼
❆♣@♥❞✐❝❡ ❆ ✲ ❋✉♥(;❡9 ◆)♦ ▲✐♥❡❛$❡9 ✸✾
❆♣@♥❞✐❝❡ ❇ ✲ ❙❝$✐♣# ♣❛$❛ ✉9♦ ❡♠ 9♦❢#✇❛$❡ R ✹✵
▲✐"#❛ ❞❡ ❚❛❜❡❧❛"
✸✳✶ #❛%&♠❡)%♦+ ✉)✐❧✐③❛❞♦+ ♣❛%❛ ❣❡%❛% ♦+ ✈❛❧♦%❡+ ❞❡ x ❡ y ❡♠ +✐♠✉❧❛45♦✳ ✳ ✳ ✳ ✳ ✷✵
✹✳✶ #❡%❝❡♥)✉❛❧ ❞❡ ❛❝❡%)♦ ❞♦ ▼❲ +❡❣✉♥❞♦ ❛ ♠❡❞✐❞❛ ❝♦♠♣❛%❛)✐✈❛ ❡ )❛♠❛♥❤♦ ❞❛
❛♠♦+)%❛✳ ❋✉♥45♦ ♥5♦ ❧✐♥❡❛% f1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✹✳✷ #❡%❝❡♥)✉❛❧ ❞❡ ❛❝❡%)♦ ❞♦ ▼❲ +❡❣✉♥❞♦ ❛ ♠❡❞✐❞❛ ❝♦♠♣❛%❛)✐✈❛ ❡ )❛♠❛♥❤♦ ❞❛
❛♠♦+)%❛✳ ❋✉♥45♦ ♥5♦ ❧✐♥❡❛% f2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
✹✳✸ #❡%❝❡♥)✉❛❧ ❞❡ ❛❝❡%)♦ ❞♦ ▼❲ +❡❣✉♥❞♦ ❛ ♠❡❞✐❞❛ ❝♦♠♣❛%❛)✐✈❛ ❡ )❛♠❛♥❤♦ ❞❛
❛♠♦+)%❛✳ ❋✉♥45♦ ♥5♦ ❧✐♥❡❛% f3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✹✳✹ #❡%❝❡♥)✉❛❧ ❞❡ ❛❝❡%)♦ ❞♦ ▼❲ +❡❣✉♥❞♦ ❛ ♠❡❞✐❞❛ ❝♦♠♣❛%❛)✐✈❛ ❡ )❛♠❛♥❤♦ ❞❛
❛♠♦+)%❛✳ ❋✉♥45♦ ♥5♦ ❧✐♥❡❛% f4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✹✳✺ #❡%❝❡♥)✉❛❧ ❞❡ ❛❝❡%)♦ ❞♦ ▼❲ +❡❣✉♥❞♦ ❛ ♠❡❞✐❞❛ ❝♦♠♣❛%❛)✐✈❛ ❡ )❛♠❛♥❤♦
❞❛ ❛♠♦+)%❛✳ ❚♦♠❛♥❞♦ f2 ❝♦♠♦ ❢✉♥45♦ ✈❡%❞❛❞❡✐%❛ ❡ ❝♦♠♣❛%❛♥❞♦ ❝♦♠ ♦+
✈❛❧♦%❡+ ❡+)✐♠❛❞♦+ ♣❡❧❛ ❢✉♥45♦ f24✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✹✳✻ ❱❛❧♦%❡+ %❡❢❡%❡♥)❡+ E+ ✈❛%✐F✈❡✐+ X ❡ Y ❞♦ ❜❛♥❝♦ ❞❡ ❞❛❞♦+ ✏❝♦❡❧❤♦& ❡✉(♦♣❡✉&✑ ✳ ✸✸
✹✳✼ ❘❡+✉❧)❛❞♦+ ❞❛+ ▼❡❞✐❞❛+ ❈♦♠♣❛%❛)✐✈❛+✳ ❋✉♥45♦ f26✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
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▲✐"#❛ ❞❡ ❋✐❣✉*❛"
✹✳✶ ❘❡❧❛'(♦ ❡♠♣,-✐❝❛ ❡♥1-❡ ❛2 ✈❛-✐4✈❡✐2 X ❡ Y ❜❛2❡❛❞♦ ♥❛ ❢✉♥'(♦ ♥(♦ ❧✐♥❡❛- f1
❡ ✈❛❧♦-❡2 ❡21✐♠❛❞♦2 ♣❡❧♦ ▼❲✱ 2❡❣✉♥❞♦ 1❛♠❛♥❤♦ ❛♠♦21-❛❧ ❡ ✐♥1❡♥2✐❞❛❞❡ ❞❛
-❡❧❛'(♦ ♥(♦ ❧✐♥❡❛-✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✹✳✷ ❘❡❧❛'(♦ ❡♠♣,-✐❝❛ ❡♥1-❡ ❛2 ✈❛-✐4✈❡✐2 X ❡ Y ❜❛2❡❛❞♦ ♥❛ ❢✉♥'(♦ ♥(♦ ❧✐♥❡❛- f2
❡ ✈❛❧♦-❡2 ❡21✐♠❛❞♦2 ♣❡❧♦ ▼❲✱ 2❡❣✉♥❞♦ 1❛♠❛♥❤♦ ❛♠♦21-❛❧ ❡ ✐♥1❡♥2✐❞❛❞❡ ❞❛
-❡❧❛'(♦ ♥(♦ ❧✐♥❡❛-✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
✹✳✸ ❘❡❧❛'(♦ ❡♠♣,-✐❝❛ ❡♥1-❡ ❛2 ✈❛-✐4✈❡✐2 X ❡ Y ❜❛2❡❛❞♦ ♥❛ ❢✉♥'(♦ ♥(♦ ❧✐♥❡❛- f3
❡ ✈❛❧♦-❡2 ❡21✐♠❛❞♦2 ♣❡❧♦ ▼❲✱ 2❡❣✉♥❞♦ 1❛♠❛♥❤♦ ❛♠♦21-❛❧ ❡ ✐♥1❡♥2✐❞❛❞❡ ❞❛
-❡❧❛'(♦ ♥(♦ ❧✐♥❡❛-✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✹✳✹ ❘❡❧❛'(♦ ❡♠♣,-✐❝❛ ❡♥1-❡ ❛2 ✈❛-✐4✈❡✐2 X ❡ Y ❜❛2❡❛❞♦ ♥❛ ❢✉♥'(♦ ♥(♦ ❧✐♥❡❛- f4
❡ ✈❛❧♦-❡2 ❡21✐♠❛❞♦2 ♣❡❧♦ ▼❲✱ 2❡❣✉♥❞♦ 1❛♠❛♥❤♦ ❛♠♦21-❛❧ ❡ ✐♥1❡♥2✐❞❛❞❡ ❞❛
-❡❧❛'(♦ ♥(♦ ❧✐♥❡❛-✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✹✳✺ ❘❡❧❛'(♦ ❡♠♣,-✐❝❛ ❡♥1-❡ ❛2 ✈❛-✐4✈❡✐2 X ❡ Y ❜❛2❡❛❞♦ ♥❛ ❢✉♥'(♦ ♥(♦ ❧✐♥❡❛- f2 ❡
✈❛❧♦-❡2 ❡21✐♠❛❞♦2 ♣❡❧♦ ▼❲ ❡ f24✱ 2❡❣✉♥❞♦ 1❛♠❛♥❤♦ ❛♠♦21-❛❧ ❡ ✐♥1❡♥2✐❞❛❞❡
❞❛ -❡❧❛'(♦ ♥(♦ ❧✐♥❡❛-✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✹✳✻ ❘❡❧❛'(♦ ❡♠♣,-✐❝❛ ❡♥1-❡ ❛2 ✈❛-✐4✈❡✐2 X ❡ Y ❞❛ ❜❛2❡ ❞❡ ❞❛❞♦2 ✏❝♦❡❧❤♦& ❡✉(♦✲
♣❡✉&✑ ❡ ❞♦2 ✈❛❧♦-❡2 ❡21✐♠❛❞♦2 ♣❡❧♦ ▼❲ ❡ ♣❡❧❛ ❢✉♥'(♦ f26✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✶✵
❈❛♣#$✉❧♦ ✶
■♥$+♦❞✉-.♦
❉❡♥#$♦ ❞❛( #)❝♥✐❝❛( ❡(#❛#,(#✐❝❛(✱ ❛ $❡❣$❡((/♦ ❧✐♥❡❛$ (❡ ❞❡(#❛❝❛ ♣♦$ (✉❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❛
♣$♦❜❧❡♠❛( $❡❛✐( ❡♠ ❞✐✈❡$(❛( 6$❡❛(✳ ❊♥#$❡#❛♥#♦✱ ❤6 ❝❛(♦( ❡♠ :✉❡ ✉♠ ♣❡(:✉✐(❛❞♦$ ❞✐(♣;❡ ❞❡
✉♠❛ ❡①♣$❡((/♦ ♠❛#❡♠6#✐❝❛ ❝♦♥❤❡❝✐❞❛ :✉❡ $❡❧❛❝✐♦♥❛ ❛ ✈❛$✐6✈❡❧ $❡(♣♦(#❛ =( ♣$❡❞✐#♦$❛( ❞❡
❢♦$♠❛ ♥/♦ ❧✐♥❡❛$ ❡♠ (❡✉( ♣❛$?♠❡#$♦(✳ ◆❡((❡( ❝❛(♦(✱ ❛( #)❝♥✐❝❛( ❞❡ $❡❣$❡((/♦ ❧✐♥❡❛$ ♥/♦ (/♦
(✉✜❝✐❡♥#❡(✱ ♦ :✉❡ ❛❝❛$$❡#❛ ✉♠❛ ❝♦♥(✐❞❡$6✈❡❧ ❝♦♠♣❧❡①✐❞❛❞❡ ♥❛( ❡(#✐♠❛#✐✈❛( ❡ $❡(♣❡❝#✐✈❛(
✐♥❢❡$B♥❝✐❛( ✭❇❆❚❊❙ ❡ ❲❆❚❚❙✱ ✷✵✵✼✮✳
❆ $❡❣$❡((/♦ ♥/♦ ❧✐♥❡❛$ $❡♣$❡(❡♥#❛ ✉♠ ✐♠♣♦$#❛♥#❡ #M♣✐❝♦ ❞❡♥#$♦ ❞❛ ❊(#❛#,(#✐❝❛✱ ❜❡♠
❝♦♠♦ ❡♠ ♠✉✐#❛( ❝✐B♥❝✐❛( ❛♣❧✐❝❛❞❛(✱ ✈❛$✐❛♥❞♦ ❞❛ ❜✐♦❧♦❣✐❛ = ❡♥❣❡♥❤❛$✐❛✱ ♠❡❞✐❝✐♥❛✱ ❢❛$♠❛✲
❝♦❧♦❣✐❛✱ ❡♥#$❡ ♦✉#$❛(✳ ❊♠ (❡✉( ❧✐✈$♦(✱ ❘✐#③ ❡ ❙#$❡✐❜✐❣ ✭✷✵✵✽✮ ❡ ❘②❛♥ ✭✷✵✵✾✮ #$❛③❡♠ ✈6$✐♦(
❡①❡♠♣❧♦( ❞❡(#❛( ❛♣❧✐❝❛T;❡( ♣$6#✐❝❛(✳
●❡$❛❧♠❡♥#❡✱ ♣❛$❛ ♦ ❛❥✉(#❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ $❡❣$❡((/♦ ♥♦$♠❛❧ ♥/♦ ❧✐♥❡❛$✱ ) ♥❡❝❡((6$✐♦
♦ ❝♦♥❤❡❝✐♠❡♥#♦ ❞❛ $❡❧❛T/♦ ❡♥#$❡ ❛ ✈❛$✐6✈❡❧ $❡(♣♦(#❛ ❡ ❛( ❡①♣❧✐❝❛#✐✈❛(✱ ❡♥#$❡#❛♥#♦✱ ❡((❛
$❡❛❧✐❞❛❞❡ ♥❡♠ (❡♠♣$❡ ) ♣♦((,✈❡❧✳ ❖ ♣❡(:✉✐(❛❞♦$ ♣♦❞❡ ♥/♦ #❡$ ✐❞❡✐❛ ❞❡ :✉❛❧ ) ♦ ✈❡$❞❛❞❡✐$♦
♠♦❞❡❧♦✱ ♠❛( (✐♠♣❧❡(♠❡♥#❡ ❛❝$❡❞✐#❛ :✉❡ ♦ ♠❡(♠♦ ) ♥/♦ ❧✐♥❡❛$✳ ❚)❝♥✐❝❛( ❣$6✜❝❛( (/♦ ❝♦✲
♠✉♠❡♥#❡ ✉#✐❧✐③❛❞❛( ♥❛ #❡♥#❛#✐✈❛ ❞❡ ❛❥✉(#❡✱ ♠❛( ♥/♦ (/♦ ❛( X♥✐❝❛(✱ ❡ ♥❡♠ (❡♠♣$❡ ❛ ♠❛✐(
❡✜❝❛③❡( ✭❘❨❆◆✱ ✷✵✵✾✮✳
❊(#❛ ♣$♦❜❧❡♠6#✐❝❛ (❡$✈❡ ❞❡ ♠♦#✐✈❛T/♦ ♣❛$❛ ♦ (✉$❣✐♠❡♥#♦ ❞❡ ♥♦✈❛( #)❝♥✐❝❛( ❞✐❛❣♥M(#✐✲
❝❛(✱ ❡ ❝♦♥❤❡❝❡♥❞♦ ❛( ♣$♦♣$✐❡❞❛❞❡( ❞❛( ❢✉♥T;❡( ❲❛✈❡❧❡#(✱ ) ♣♦((,✈❡❧ ❝♦♥(✐❞❡$6✲❧❛( ♣❛$❛ #❛❧
♣$♦♣M(✐#♦✱ ❤❛❥❛ ✈✐(#❛ (✉❛ ✈❛(#❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❡♠ ❞✐✈❡$(❛( 6$❡❛( ❞❡♥#$♦ ❞❛ ♣$M♣$✐❛ ❊(#❛✲
#,(#✐❝❛✳
❆( ❲❛✈❡❧❡#( ❢♦$❛♠ ❞❡(❡♥✈♦❧✈✐❞❛( ♥❛ ❛♥6❧✐(❡ ❢✉♥❝✐♦♥❛❧ ❝♦♠♦ ❜❛(❡( ♣❛$❛ ♦ ❡(♣❛T♦ ❞❡
❢✉♥T;❡( :✉❛❞$❛#✐❝❛♠❡♥#❡ ✐♥#❡❣$6✈❡✐( ✭L2(R)✮✱ ❜❡♠ ❝♦♠♦ ❛❧❣✉♥( ❞❡ (❡✉( (✉❜❡(♣❛T♦(✳ ❊(✲
#❛( ❝❧❛((❡( ❞❡ ❢✉♥T;❡( ❝♦♥#B♠ ✉♠ ❣$❛♥❞❡ ♥X♠❡$♦ ❞❡ ❡❧❡♠❡♥#♦( ❞✐✈❡$(♦(✱ ♦ :✉❡ ❛( #♦$♥❛♠
❛❞❡:✉❛❞❛( ♣❛$❛ ❛♣❧✐❝❛T;❡( #❡M$✐❝❛( ❡ ♥✉♠)$✐❝❛( ❛♠♣❧❛(✳ Z♦$ ❡①❡♠♣❧♦✱ ❡❧❛( ❢♦$♠❛♠ ❜❛(❡(
✐♥❝♦♥❞✐❝✐♦♥❛✐( ♣❛$❛ ❛❧❣✉♠❛( ❝❧❛((❡( ❢✉♥❝✐♦♥❛✐( ❣$❛♥❞❡(✱ ♦ :✉❡ ❧❡✈❛ ❛ ❡(#✐♠❛❞♦$❡( ❡ #❡(#❡(
M#✐♠♦(✭❱■❉❆❑❖❱■❈✱ ✶✾✾✾✮✳ ❆❧)♠ ❞✐((♦✱ ♦ ♠♦❞❡❧♦ ❞❡ $❡❣$❡((/♦ ❲❛✈❡❧❡# ✭▼❲✮ ) ❞❡ ♥❛#✉✲
$❡③❛ ♥/♦✲♣❛$❛♠)#$✐❝❛✱ ♦✉ (❡❥❛✱ ♥/♦ ) ♥❡❝❡((6$✐♦ :✉❡ ♦( ❞❛❞♦( ✉#✐❧✐③❛❞♦( ♥♦ ❛❥✉(#❡ ❡(#❡❥❛♠
❞✐(#$✐❜✉,❞♦( ❞❡ ❛❝♦$❞♦ ❝♦♠ ✉♠❛ ❞✐(#$✐❜✉✐T/♦ ❡(♣❡❝,✜❝❛ ✭❑❖❱❆❈ ❡ ❙■▲❱❊❘▼❆◆✱ ✷✵✵✵✮✳
❈♦♥(✐❞❡$❛♥❞♦ ❛ ♣$♦❜❧❡♠6#✐❝❛ ❞❡ ✐❞❡♥#✐✜❝❛T/♦ ❞❡ ✉♠❛ ❢✉♥T/♦ ♥/♦ ❧✐♥❡❛$ ❛♣$♦♣$✐❛❞❛
♣❛$❛ ❛❥✉(#❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ $❡❣$❡((/♦✱ ♦ ❢♦❝♦ ❞❡(#❡ #$❛❜❛❧❤♦ ❢♦✐ ❛✈❛❧✐❛$ ♦ ❞❡(❡♠♣❡♥❤♦
✶✶
❞♦ ▼♦❞❡❧♦ ❞❡ ❘❡❣'❡(()♦ ❲❛✈❡❧❡- ✉-✐❧✐③❛❞♦ ♥❛ ❞❡-❡❝3)♦ ❞❛ ❢✉♥3)♦ ♥)♦ ❧✐♥❡❛' ❛❞❡5✉❛❞❛✳
❊(-❡ ❚'❛❜❛❧❤♦ ❞❡ ❈♦♥❝❧✉()♦ ❞❡ ❈✉'(♦ ❡(-< ♦'❣❛♥✐③❛❞♦ ❞❛ (❡❣✉✐♥-❡ ❢♦'♠❛✿ ❖ ❈❛♣A-✉❧♦
✷ -'❛③ ✉♠❛ '❡✈✐()♦ (♦❜'❡ ♦ ♠♦❞❡❧♦ ❞❡ '❡❣'❡(()♦ ♥)♦ ❧✐♥❡❛' ❡ ❲❛✈❡❧❡-(✳ ◆♦ ❈❛♣A-✉❧♦ ✸✱
❝♦♥(✐❞❡'❛♠♦( ❛ ♠❡-♦❞♦❧♦❣✐❛ ✉-✐❧✐③❛❞❛ ♣❛'❛ ❛♣❧✐❝❛3)♦ ❞❛ '❡❣'❡(()♦ ❲❛✈❡❧❡- ♣❛'❛ ✐❞❡♥-✐✜✲
❝❛3)♦ ❞❛ ♠❡❧❤♦' ❢✉♥3)♦ ♠❛-❡♠<-✐❝❛ ♣❛'❛ ✉♠ ♠♦❞❡❧♦ ❞❡ '❡❣'❡(()♦ ♥)♦ ❧✐♥❡❛'✱ ❜❡♠ ❝♦♠♦
♦( ♣❛'H♠❡-'♦( ✉-✐❧✐③❛❞♦( ♥♦ ❡(-✉❞♦ ❞❡ (✐♠✉❧❛3)♦✳ ◆♦ ❈❛♣A-✉❧♦ ✹✱ ❛♥❛❧✐(❛♠♦( ♦( '❡(✉❧-❛✲
❞♦( ♦❜-✐❞♦( ♥♦ ❡(-✉❞♦ ❡①♣❡'✐♠❡♥-❛❧✱ ❡ ♥♦ ❈❛♣A-✉❧♦ ✺ ❛♣'❡(❡♥-❛♠♦( ♥♦((❛( ❝♦♥(✐❞❡'❛3L❡(
❡ ❝♦♥❝❧✉(L❡(✳ ❖ ❝M❞✐❣♦ ❘ ❡(-< ❞✐(♣♦♥A✈❡❧ ❝♦♠♦ ▼❛-❡'✐❛❧ ❙✉♣❧❡♠❡♥-❛'✳
✶✷
❈❛♣#$✉❧♦ ✷
❘❡❢❡,❡♥❝✐❛❧ ❚❡1,✐❝♦
✷✳✶ ▼♦❞❡❧♦ ◆♦)♠❛❧ ◆,♦ ▲✐♥❡❛) ✭▼◆▲✮
❖ ♠♦❞❡❧♦ ❞❡ &❡❣&❡(()♦ ❧✐♥❡❛& - ❝♦♠✉♠❡♥0❡ ✉(❛❞♦ ♣❛&❛ ♣&❡✈❡& ✈❛❧♦&❡( ❞❡ ✉♠❛ ✈❛&✐3✈❡❧
❞❡♣❡♥❞❡♥0❡ 4✉❛♥0✐0❛0✐✈❛ ✭Y ✮✱ ❝♦♠♦ ❢✉♥9)♦ ❞❡ ✈❛❧♦&❡( ❞❡ ✈❛&✐3✈❡✐( ✐♥❞❡♣❡♥❞❡♥0❡( ✭X ′s✮
✭❉❘❆=❊❘ ❡ ❙▼■❚❍✱ ✶✾✽✶❀ ▼❖◆❚●❖▼❊❘❨ ❡ =❊❈❑✱ ✶✾✽✷✮✳ =❛&❛ ❛❞❡4✉❛& ❡(0❡ ♠♦✲
❞❡❧♦ ❛♦( ❞❛❞♦(✱ - ♥❡❝❡((3&✐♦ ❡(0✐♠❛& ✉♠ ✈❡0♦& ❞❡ ♣❛&P♠❡0&♦( β ❛0&❛✈-( ❞♦ ✈❡0♦& ❞❡ ❞❛❞♦(
Y ❡ ❞❛ ♠❛0&✐③ ♠♦❞❡❧♦ X✱ ♣&❡(✉♠✐♥❞♦✲(❡ p ❝♦❧✉♥❛( ❧✐♥❡❛&♠❡♥0❡ ✐♥❞❡♣❡♥❞❡♥0❡( ❡♥0&❡ (✐ ❡
n ≫ p ❧✐♥❤❛(✱ ♦♥❞❡ ✏n✑ &❡♣&❡(❡♥0❛ ♦ 0❛♠❛♥❤♦ ❛♠♦(0&❛❧✳ ❆ ❡(0✐♠❛9)♦ ✉(❛♥❞♦ ♦ ♠-0♦❞♦
❞♦( ♠U♥✐♠♦( 4✉❛❞&❛❞♦( - ❢&❡4✉❡♥0❡♠❡♥0❡ ✉(❛❞❛ ♥♦ ❝❛(♦ ❧✐♥❡❛& ❡ ♥)♦ &❡4✉❡& ♣&❡((✉♣♦(✲
0♦( ♣&♦❜❛❜✐❧U(0✐❝♦( ♣❛&❛ ❛ ✈❛&✐3✈❡❧ Y ✳ ❖ ♠♦❞❡❧♦ ❧✐♥❡❛&✱ ♥♦ ❡♥0❛♥0♦✱ ♥)♦ - ❛❞❡4✉❛❞♦ ❡♠
0♦❞❛( ❛( (✐0✉❛9W❡(✳ ❊♠ ❛❧❣✉♥( ❝❛(♦(✱ ❛ ✈❛&✐3✈❡❧ &❡(♣♦(0❛ Y ❡ ❛( ✈❛&✐3✈❡✐( ♣&❡❞✐0♦&❛( Xj✱
j = 1, 2, ..., p ♥❡❝❡((✐0❛♠ ❞❡ ✉♠❛ ❛❜♦&❞❛❣❡♠ ❞✐❢❡&❡♥0❡✱ 4✉❡ ♥)♦ ❛ &❡❣&❡(()♦ ❧✐♥❡❛&✳
❆ &❡❣&❡(()♦ ♥)♦ ❧✐♥❡❛& - ✉0✐❧✐③❛❞❛✱ ♥❛ ❡(0❛0U(0✐❝❛✱ ❡♠ ❞❛❞♦( 4✉❡ ❛♣&❡(❡♥0❛♠ &❡❧❛9)♦
♣♦& ♠❡✐♦ ❞❡ ❝♦♠❜✐♥❛9)♦ ♥)♦ ❧✐♥❡❛& ❞♦( ♣❛&P♠❡0&♦( ❞♦ ♠♦❞❡❧♦✱ 4✉❡ ❞❡♣❡♥❞❡♠ ❞❡ ✉♠❛ ♦✉
♠❛✐( ✈❛&✐3✈❡✐( ✐♥❞❡♣❡♥❞❡♥0❡( ✭❘❨❆◆✱ ✷✵✵✾✮✳
❖ ♠♦❞❡❧♦ ❞❡ &❡❣&❡(()♦ ♥♦&♠❛❧ ♥)♦ ❧✐♥❡❛& (✐♠♣❧❡( ♣♦❞❡ (❡& ❞❡✜♥✐❞♦ ♣♦&✿
yi = f(xi, β) + εi, i = 1, 2, ..., n, ✭✷✳✶✮
♦♥❞❡ yi ❝♦&&❡(♣♦♥❞❡ ❛♦ i✲-(✐♠♦ ✈❛❧♦& ❞❛ ✈❛&✐3✈❡❧ &❡(♣♦(0❛ Y ✱ f - ✉♠❛ ❢✉♥9)♦ ♥)♦ ❧✐♥❡❛&
❡♠ &❡❧❛9)♦ ❛♦( ♣❛&P♠❡0&♦(✱ ❡ ❞✐❢❡&❡♥❝✐3✈❡❧✱ xi - ♦ i✲-(✐♠♦ ✈❛❧♦& ❞❛ ✈❛&✐3✈❡❧ ✐♥❞❡♣❡♥❞❡♥0❡
X✱ β - ♦ ✈❡0♦& ❞❡ ♣❛&P♠❡0&♦( ❞❡(❝♦♥❤❡❝✐❞♦(✱ 4✉❡ (❡&3 ❡(0✐♠❛❞♦✱ ❡ εi✱ ♦ i✲-(✐♠♦ ✈❛❧♦& ❞♦
✈❡0♦& ❞❡ ❡&&♦( ♥)♦ ♦❜(❡&✈❛❞♦(✱ ♥✉♠❛ ❛♠♦(0&❛ ❞❡ 0❛♠❛♥❤♦ ✐❣✉❛❧ ❛ n✳
❆((✉♠❡✲(❡ 4✉❡ ♦( ❡&&♦( ()♦ ✐♥❞❡♣❡♥❞❡♥0❡( ❡ ✐❞❡♥0✐❝❛♠❡♥0❡ ❞✐(0&✐❜✉U❞♦(✱ (❡❣✉✐♥❞♦ ❞✐(0&✐✲
❜✉✐9)♦ ♥♦&♠❛❧ ❞❡ ♠-❞✐❛ µε = 0 ❡ ✈❛&✐P♥❝✐❛ σ
2
ε ❝♦♥❤❡❝✐❞❛✳ ❉❡ ❛❝♦&❞♦ ❝♦♠ ❛ ❡4✉❛9)♦ ✭✷✳✶✮✱
- ♣♦((U✈❡❧ ❛✜&♠❛& 4✉❡ ♦ ♠♦❞❡❧♦ ❞❡ &❡❣&❡(()♦ ♥♦&♠❛❧ ❧✐♥❡❛& (✐♠♣❧❡( - ✉♠ ❝❛(♦ ♣❛&0✐❝✉❧❛&
❞❡ ♠♦❞❡❧♦ ♥♦&♠❛❧ ♥)♦ ❧✐♥❡❛&✱ ♦♥❞❡ ❛ ❢✉♥9)♦ f(xi, β) - ❞✐&❡0❛ ❡ yi -✱ ❝♦♥(❡4✉❡♥0❡♠❡♥0❡✱
❞❛❞♦ ♣♦& yi = β0 + β1xi + ε ✭●❆▲▲❆◆❚✱ ✶✾✽✷✮✳
❖( ♠♦❞❡❧♦( ♥)♦✲❧✐♥❡❛&❡( ()♦ \0❡✐( ❡♠ ❛❧❣✉♥( ❝❛♠♣♦( ❝♦♠♦ ❡❝♦❧♦❣✐❛✱ ❛❣&✐❝✉❧0✉&❛✱ ❜✐♦✲
❧♦❣✐❛✱ ❡♥0&❡ ♦✉0&♦(✳ ❯♠❛ ❢✉♥9)♦ ❜❛(0❛♥0❡ ✉0✐❧✐③❛❞❛ ❡ ❝♦♥❤❡❝✐❞❛ ♥❛ ❜✐♦4✉U♠✐❝❛✱ ♥♦ ❡(0✉❞♦
❞❛ ❝✐♥-0✐❝❛ ❡♥③✐♠30✐❝❛✱ - ❛ ❡4✉❛9)♦ ❞❡ ▼✐❝❤❛❡❧✐( ❡ ▼❡♥0❡♥ ✭✶✾✶✸✮✱
✶✸
v =
Vmax[S]
Km + S
, ✭✷✳✷✮
♥❛ &✉❛❧ Vmax[S] ) ❛ *❛①❛ ♠-♥✐♠❛ ♦❜*✐❞❛ ♣❡❧♦ 4✐4*❡♠❛ ♥❛ ❝♦♥❝❡♥*6❛78♦ ❞❡ 4✉❜4*6❛*♦ 4❛*✉✲
6❛♥*❡✱ Km ) ❛ ❝♦♥4*❛♥*❡ ❞❡ ▼✐❝❤❛❡❧✐4 ❡ S✱ ♦ 4✉❜4*6❛*♦ ❡♠ &✉❡4*8♦ ✭❘■❚❩ ❡ ❙❚❘❊■❇■●✱
✷✵✵✽✮✳
❆4 ❡&✉❛7H❡4 ♥♦6♠❛✐4 ♣❛6❛ ❡44❡4 *✐♣♦4 ❞❡ ♠♦❞❡❧♦4 48♦ ♥8♦ ❧✐♥❡❛6❡4 ❡✱ ❡♠ ❣❡6❛❧✱ ♦ ✉4♦ ❞❡
♣6♦❝❡❞✐♠❡♥*♦4 ✐*❡6❛*✐✈♦4 ) ♥❡❝❡44K6✐♦ ♣❛6❛ ❛❥✉4*❛6 ✉♠❛ 6❡❣6❡448♦ ❞❡4*❛ ♥❛*✉6❡③❛ ✭❇❆❚❊❙
❡ ❲❆❚❚❙✱ ✷✵✵✼❀ ❙❊❇❊❘ ❡ ❲■▲❉✱ ✷✵✵✸✮✳ ❉❡4*❛ ♠❛♥❡✐6❛✱ ✈❛❧♦6❡4 ❤✐♣♦*)*✐❝♦4 ♣❛6❛ ♦ ✈❡*♦6
❞❡ ♣❛6T♠❡*6♦4 β✱ ❝❤❛♠❛❞♦4 ✏❝❤✉*❡4 ✐♥✐❝✐❛✐4✑ 48♦ ♥❡❝❡44K6✐♦4✱ ❣❡6❛♥❞♦ ❛44✐♠✱ ❛ ✏♣4❡✉❞♦
❡&✉❛78♦ ❞❡ ♣6❡❞✐78♦✑✱ &✉❡ 4❡6K ✉*✐❧✐③❛❞❛ ❝♦♠♦ ❜❛4❡ ♣❛6❛ ♦ ❝K❧❝✉❧♦ ❞♦ ❡66♦✱ ✐♥✐❝✐❛♥❞♦ ♦
♣6♦❝❡44♦ ❞❡ ✐*❡6❛*✐✈✐❞❛❞❡✳ ❖ ♣6♦❝❡44❛♠❡♥*♦ *❡6♠✐♥❛ &✉❛♥❞♦ ❛*✐♥❣❡ ♦ ♥X♠❡6♦ ♠K①✐♠♦ ❞❡
✐*❡6❛7H❡4 ❡4*✐♣✉❧❛❞♦✱ ♦✉ ♥♦ ♠♦♠❡♥*♦ ❡♠ &✉❡ ♦ ❛❧❣♦6✐*♠♦ ❛❧❝❛♥7❛ ♦ ❝6✐*)6✐♦ &✉❡ ❡4*❛❜❡❧❡❝❡
❝♦♥✈❡6❣Y♥❝✐❛✳
❆ ❡44Y♥❝✐❛ ❞❛ ♦*✐♠✐③❛78♦ ✉*✐❧✐③❛♥❞♦ ♦ ♣6♦❝❡44♦ ✐*❡6❛*✐✈♦✱ ❡4*K ❡♠ ♠✐♥✐♠✐③❛6 ❛ 4♦♠❛
❞♦4 &✉❛❞6❛❞♦4 ❞♦4 6❡4-❞✉♦4✱ ❞❡♥♦*❛❞❛ ♣♦6
SQEMNL(β) =
n∑
i=1
(yi − f(xi, β))2. ✭✷✳✸✮
❱K6✐♦4 ♠)*♦❞♦4 ❞❡ ♦*✐♠✐③❛78♦ ♣♦❞❡♠ 4❡6 ✉4❛❞♦4 ♣❛6❛ ♦❜*❡6 ❛4 ❡4*✐♠❛*✐✈❛4 ❞❡ ♣❛6T♠❡✲
*6♦4 &✉❡ ♠✐♥✐♠✐③❛ ✭✷✳✸✮ ✭❘❨❆◆✱ ✷✵✵✾✮✳ ❖ ♠)*♦❞♦ ❞❡ ❧✐♥❡❛6✐③❛78♦ ) ✉♠❛ ❛❧*❡6♥❛*✐✈❛ ♣❛6❛
❡4*✐♠❛*✐✈❛ ❞♦ ✈❡*♦6 β✱ ❡♥*6❡*❛♥*♦✱ ❡♠ ❛❧❣✉♥4 ❝❛4♦4✱ ❡4*❡ ♠)*♦❞♦ ♣♦❞❡ ♥8♦ 4❡6 ❛❞❡&✉❛❞♦
❞❡✈✐❞♦ ❛♦ ❝✉4*♦ ❝♦♠♣✉*❛❝✐♦♥❛❧ ♦✉ ♠❡4♠♦ ♣♦6 ♥8♦ ❤❛✈❡6 ❝♦♥✈❡6❣Y♥❝✐❛4✳ ❙❡♥❞♦ ❛44✐♠✱
♦✉*6❛4 ❛❧*❡6♥❛*✐✈❛4 48♦ ❞✐4♣♦♥✐❜✐❧✐③❛❞❛4 ♥❛ ❧✐*❡6❛*✉6❛✱ ❝♦♠♦ ♣♦6 ❡①❡♠♣❧♦✱ ❛ *)❝♥✐❝❛ ❞❡
●6❛❞✐❡♥*❡ ❈♦♥❥✉❣❛❞♦✱ ▼)*♦❞♦ ❞❡ ▲❡✈❡♥❜❡6❣✲▼❛6&✉❛6❞* ♦✉ ❇❋●❙ ✭❛❧❣♦6-*♠♦ ❞❡ ❇6♦②✲
❞❡♥✕❋❧❡*❝❤❡6✕●♦❧❞❢❛6❜✕❙❤❛♥♥♦✮✱ &✉❡ ✉4❛ ✈❛❧♦6❡4 ❞❡ ❢✉♥7H❡4 ❡ ❣6❛❞✐❡♥*❡4 ♣❛6❛ ❝6✐❛6 ✉♠❛
✐♠❛❣❡♠ ❞❛ 4✉♣❡6❢-❝✐❡ ❛ 4❡6 ♦*✐♠✐③❛❞❛✳
✷✳✶✳✶ ▼$%♦❞♦ ❞♦ ●)❛❞✐❡♥%❡ ❈♦♥❥✉❣❛❞♦
❖ ♠)*♦❞♦ ❞♦ ●6❛❞✐❡♥*❡ ❈♦♥❥✉❣❛❞♦ ✭●❈✮ ) ✉♠ ❞♦4 ♠)*♦❞♦4 ♠❛✐4 ♣♦♣✉❧❛6❡4 ♣❛6❛ 6❡✲
4♦❧✈❡6 ♣6♦❜❧❡♠❛4 ❞❡ ♦*✐♠✐③❛78♦ ♥8♦ ❧✐♥❡❛6 ♥8♦✲❧✐♠✐*❛❞♦4✳ ❆ ❢c6♠✉❧❛ ❞♦ ●❈✱ ✐♥✐❝✐❛❧♠❡♥*❡
❞❡4❡♥✈♦❧✈✐❞❛ ♣♦6 ❍❡4*❡♥❡4 ❡ ❙*✐❡❢❡❧ ✭✶✾✺✷✮✱ ) ❝♦♥4✐❞❡6❛❞❛ ✉♠ ♠)*♦❞♦ ❡✜❝✐❡♥*❡ ❞❡ ♦*✐♠✐✲
③❛78♦✳ ❆❧)♠ ❞✐44♦✱ ♦ ❝♦❡✜❝✐❡♥*❡ ❍❡4*❡♥❡4✲❙*✐❡❢❡❧ ✭❍❙✮ ❡4*K 6❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛ ❝♦♥❞✐78♦ ❞❡
❝♦♥❥✉❣❛78♦✱ ✐♥❞❡♣❡♥❞❡♥*❡♠❡♥*❡ ❞♦ ♠)*♦❞♦ ❞❛ ❧✐♥❤❛ ❞❡ ♣❡4&✉✐4❛ ✉*✐❧✐③❛❞❛✳
❖ ♠)*♦❞♦ ●❈ ❞✐4♣♦♥-✈❡❧ ♥♦ 4♦❢*✇❛6❡ ❡4*❛*-4*✐❝♦ R✱ ❛*6❛✈)4 ❞❛ ❢✉♥78♦ ✏♦♣#✐♠✑✱ ) ♦
6❡❢❡6✐❞♦ ♣♦6 ❋❧❡*❝❤❡6 ❡ ❘❡❡✈❡4 ✭✶✾✻✹✮✳ ❖ ♠)*♦❞♦ ❞♦ ●6❛❞✐❡♥*❡ ❈♦♥❥✉❣❛❞♦ ❣❡6❛❧♠❡♥*❡ )
♠❛✐4 ❢6K❣✐❧ &✉❡ ♦ ♠)*♦❞♦ ❇❋●❙ ✭❇6♦②❞❡♥✕❋❧❡*❝❤❡6✕●♦❧❞❢❛6❜✕❙❤❛♥♥♦✱ *❛♠❜)♠ ❝♦♥❤❡❝✐❞♦
❝♦♠♦ ❛❧❣♦6✐*♠♦ ♠)*6✐❝♦ ✈❛6✐K✈❡❧✮✱ ❞❡4❝6✐*♦ ♣♦6 ◆♦❝❡❞❛❧ ❡ ❙*❡♣❤❡♥ ✭✷✵✵✻✮✱ ♠❛4 ❝♦♠♦ ❡❧❡4
♥8♦ ❛6♠❛③❡♥❛♠ ❛ ♠❛*6✐③ ❍❡44✐❛♥❛ ❞❛ 4❡❣✉♥❞❛ ❞❡6✐✈❛❞❛✱ ❡4*❛ ♣6♦✈❡♥✐❡♥*❡ ❞❛ ❢✉♥78♦ ♥8♦
❧✐♥❡❛6✱ ♣♦❞❡♠ 4❡6 ❜❡♠ 4✉❝❡❞✐❞♦4 ❡♠ ♣6♦❜❧❡♠❛4 ❞❡ ♦*✐♠✐③❛78♦ ♠✉✐*♦ ♠❛✐♦6❡4✳
✶✹
❊♠ "✉❛❧"✉❡' ❛♣❧✐❝❛+,♦ ♣'./✐❝❛✱ ♦ /❡♠♣♦ ❣❛2/♦ ♥❛ ❛✈❛❧✐❛+,♦ ❞❛ ❢✉♥+,♦ ❡ ❞♦ ❣'❛❞✐❡♥/❡
♥♦2 ✈.'✐♦2 ♣♦♥/♦2 ♥❡❝❡22.'✐♦2 ♣♦❞❡ ❛❜❛'❝❛' ♣'❛/✐❝❛♠❡♥/❡ /♦❞♦ ♦ /❡♠♣♦ ❞♦ ♣'♦❝❡22♦ ❞❡ ♠✐✲
♥✐♠✐③❛+,♦✳ ▲♦❣♦✱ ❧✐♠✐/❛✲2❡ ♦ ♥<♠❡'♦ ❞❡ /❛✐2 ❛✈❛❧✐❛+=❡2 /❛♥/♦ "✉❛♥/♦ ♣♦22>✈❡❧✳ ●❡'❛❧♠❡♥/❡
✉/✐❧✐③❛✲2❡ 100 ❝♦♠♦ ♦ ✈❛❧♦' ♠.①✐♠♦ ❞❡ ✐/❡'❛+=❡2✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ♠A/♦❞♦ ❞❡ ♠✐♥✐♠✐③❛+,♦
✉/✐❧✐③❛❞♦✳
❯♠ ❞❡/❡'♠✐♥❛♥/❡ ♥♦ /❡♠♣♦ ❞❡ ♠✐♥✐♠✐③❛+,♦ A ♦ ♣♦♥/♦ ❞❡ ♣❛'/✐❞❛ ♦✉ ✏❝❤✉/❡ ✐♥✐❝✐❛❧✑✳
F❛'❛ ❢✉♥+=❡2 "✉❛❞'./✐❝❛2 "✉❛❧"✉❡' ❡2❝♦❧❤❛ ❞❡ ♣♦♥/♦ ❞❡ ♣❛'/✐❞❛ A 2❛/✐2❢❛/G'✐♦✱ ❥. ♣❛'❛
❢✉♥+=❡2 ❣❡'❛✐2✱ ♦ ♠❡❧❤♦' "✉❡ ♣♦❞❡ 2❡ ❡2♣❡'❛' A "✉❡ ♦ ♣'♦❝❡22♦ ❞❡ ♠✐♥✐♠✐③❛+,♦ ❧❡✈❡✱ /,♦
'❛♣✐❞❛♠❡♥/❡ "✉❛♥/♦ ♣♦22>✈❡❧✱ ♣❛'❛ ♦ ❢✉♥❞♦ ❞❡ "✉❛❧"✉❡' ✏✈❛❧❡✑ ❡♠ "✉❡ 2❡ ✐♥✐❝✐❛✳ ❋❧❡/❝❤❡' ❡
❘❡❡✈❡2 ✭✶✾✻✹✮ '❡❧❛/❛♠ "✉❡ ❡♠ ❛❧❣✉♠❛2 ❛♣❧✐❝❛+=❡2 A ♣♦22>✈❡❧ ❞❡/❡❝/❛' "✉❛♥❞♦ ❛ ❝♦♥✈❡'❣Q♥✲
❝✐❛ ♣❛'❛ ✉♠ ♠>♥✐♠♦ ✐♥❞❡2❡❥❛❞♦ ♦❝♦''❡✉ ❡ ❤. ❝❛2♦2 ❡♠ "✉❡ A ❞❡2❡❥.✈❡❧ ❡①/'❛✐' ♦2 ♠❡2♠♦2✳
✷✳✶✳✷ ❊$❝♦❧❤❛ ❞❛ ❋✉♥./♦ ◆/♦ ▲✐♥❡❛4
❆❧A♠ ❞♦ ♠A/♦❞♦ ❞❡ ♦/✐♠✐③❛+,♦ ❛❞❡"✉❛❞♦✱ ✉♠ ♣♦♥/♦ ❝'✉❝✐❛❧ A ❛ ❡2❝♦❧❤❛ ❞❛ ❢✉♥+,♦
♥,♦ ❧✐♥❡❛' f ✱ ♥♦2 ❝❛2♦2 ❡♠ "✉❡ ❛ ♠❡2♠❛ ♥,♦ A ❝♦♥❤❡❝✐❞❛✳ ❉❡2/❛ ❢♦'♠❛✱ ♦ ❝'✐/A'✐♦ ❞❡
✐♥❢♦'♠❛+,♦ ❆❦❛✐❦❡ ✭❆■❈✮✱ ❞❡✜♥✐❞♦ ♣♦' ❆❦❛✐❦❡ ✭✶✾✼✹✮✱ ♣♦❞❡ 2❡' ✉2❛❞♦ ♣❛'❛ ❝♦♠♣❛'❛' ❞♦✐2
♦✉ ♠❛✐2 ♠♦❞❡❧♦2 ❛❥✉2/❛❞♦2 ❛♦2 ♠❡2♠♦2 ❞❛❞♦2✳ ❯♠ ♣'♦❝❡❞✐♠❡♥/♦ ❞❡ ✈❛❧✐❞❛+,♦ ❝'✉③❛❞❛
/❛♠❜A♠ ♣♦❞❡ 2❡' ✉2❛❞♦ ♣❛'❛ ❛❥✉❞❛' ♥❛ ❡2❝♦❧❤❛ ❡♥/'❡ ❞✉❛2 ♦✉ ♠❛✐2 ❢✉♥+=❡2 ♥,♦✲❧✐♥❡❛'❡2✳
❆❧❣✉♥2 ❛✉/♦'❡2 /Q♠ ❝♦♥2✐❞❡'❛❞♦ ❡2/❛ ❛❜♦'❞❛❣❡♠ ❡♠ ♣'♦❜❧❡♠❛2 ❞❡ '❡❣'❡22,♦ ♥♦2 <❧/✐♠♦2
❛♥♦2 ✭❈❖▲❇❨ ❡ ❇❆■❘✱ ✷✵✶✸❀ ❙❍❆❖✱ ✶✾✾✸✮✳
❉❡ ❛❝♦'❞♦ ❝♦♠ ❘②❛♥ ✭✷✵✵✾✮ ❡ ❘✉❝❦2/✉❤❧ ✭✷✵✶✵✮✱ ❛❧❣✉♥2 /❡2/❡2✱ /❛♠❜A♠ '❡❛❧✐③❛❞♦2 ♥❛
❛♥.❧✐2❡ ❞❡ '❡❣'❡22,♦ ❧✐♥❡❛'✱ ♣♦❞❡♠ 2❡' ✉2❛❞♦2✱ ✉/✐❧✐③❛♥❞♦ ❛❧❣✉♠❛2 ❛❞❛♣/❛+=❡2 ♣❛'❛ ♦ ▼◆▲✳
❉❡♥/'❡ ❡❧❡2 /❡♠♦2 ❛ ❜♦♥❞❛❞❡ ❞♦ ❛❥✉2/❡✱ ♣♦' ♠❡✐♦ ❞♦ /❡2/❡ F ✱ ❛♥.❧✐2❡ ❣'.✜❝❛ ❞♦2 '❡2>❞✉♦2
♣❛❞'♦♥✐③❛❞♦2✱ /❡2/❡2 ❞✐❛❣♥G2/✐❝♦2 ❞❡ ♠✉❧/✐❝♦❧✐♥❡❛'✐❞❛❞❡✱ ✐❞❡♥/✐✜❝❛+,♦ ❞❡ ♦❜2❡'✈❛+=❡2 ✐♥✲
✢✉❡♥/❡2 ♥♦2 ❞❛❞♦2✱ ❡ ❛/A ♠❡2♠♦ ♦ /❡2/❡ T ❛❞❛♣/❛❞♦ ♣❛'❛ ❛2 ❡2/✐♠❛/✐✈❛2 ❞♦2 ♣❛'f♠❡/'♦2
❞♦ ▼◆▲✳
✷✳✷ ▼♦❞❡❧♦ ❲❛✈❡❧❡*
❆ /❡♦'✐❛ ❞❡ ❲❛✈❡❧❡/2 ✐♥✐❝✐♦✉✲2❡ ♣♦' ✈♦❧/❛ ❞❡ ✶✾✵✵✱ ♠❛2 ♦ /'❛❜❛❧❤♦ "✉❡ ✉♥✐✜❝❛ /♦❞♦2 ♦2
✈❛'✐❛❞♦2 ❝♦♥❝❡✐/♦2 ♣♦' /'.2 ❞❡22❛ /❡♦'✐❛✱ ❡ ❛ /♦'♥❛ ❡♠ ✉♠❛ ❢❡''❛♠❡♥/❛ ✈✐.✈❡❧ ♣❛'❛ ❛♥.❧✐2❡ ❞❡
❞❛❞♦2 ❢♦✐ ❛♣'❡2❡♥/❛❞♦ ♣♦' ▼❛❧❧❛/ ✭✶✾✽✾✮✱ 2❡♥❞♦ ❝♦♥❤❡❝✐❞❛ ♣♦' ❆♥.❧✐2❡ ❞❡ ▼✉❧/✐✲❘❡2♦❧✉+,♦✳
❆ ❆♥.❧✐2❡ ❞❡ ▼✉❧/✐✲❘❡2♦❧✉+,♦ ✭❆▼❘✮ ♥♦ ❡2♣❛+♦ ❞❡ ❢✉♥+=❡2 "✉❛❞'❛/✐❝❛♠❡♥/❡ ✐♥/❡✲
❣'.✈❡✐2 ✭L2(R)✮ '❡♣'❡2❡♥/❛ ✉♠❛ 2❡"✉❡♥❝✐❛ ❞❡ 2✉❜❡2♣❛+♦2 ❢❡❝❤❛❞♦2✱ {Vj}j∈Z ❝♦♠ "✉❛/'♦
♣'♦♣'✐❡❞❛❞❡2 ❜.2✐❝❛2✿
✐✲ ❍✐❡#❛#%✉✐❛
Vj ⊂ Vj+1 ⊂ L2(R), ∀j ∈ Z ✭✷✳✹✮
✐✐✲ ❯♥✐)♦ ❞❡♥,❛ ❡ ✐♥-❡#,❡.)♦ -#✐✈✐❛❧
⋃
j∈Z
Vj = L2(R) ❡
⋂
j∈Z
Vj = 0 ✭✷✳✺✮
✶✺
✐✐✐✲ ❙✐♠✐❧❛%✐❞❛❞❡ ♣%)♣%✐❛
m(2jt) ∈ Vj ⇔ m(t) ∈ V0 ∀j ∈ Z ✭✷✳✻✮
✐✈✲ ❇❛+❡ ♥❛-✉%❛❧ ∃φ ∈ V0 ♥♦ *✉❛❧ T kφ(t) = φ(t− k)∀k ∈ Z ❡①0❡♥12✈❡❧ ❛ V0✱ ✐10♦ 4
V0 = {m ∈ L2(R)|f(t) =
∑
k∈Z
ckφ(t− k)}, ✭✷✳✼✮
♣❛7❛ ✉♠❛ 1❡*✉❡♥❝✐❛ ❛♣7♦♣7✐❛❞❛ ckk ∈ Z✱ ❡ φ(· − k), k ∈ Z 4 ❝❤❛♠❛❞❛ ❜❛1❡ ♦70♦♥♦7♠❛❧
❞❡ V0✳
φ(·) 4 ❝❤❛♠❛❞❛ ❢✉♥>?♦ ❡1❝❛❧❛✳ ■10♦ ❣❡7❛ ♦✉07❛ ❜❛1❡ ♣♦7 ♠❡✐♦ ❞❡ 07❛♥1❧❛>?♦ ❡ ❞✐❧❛0❛>?♦✿
φj(t) = 2
j/2φ(2jt− k) j ∈ Z k ∈ Z✳ ❖ 1✐10❡♠❛ ♦70♦❣♦♥❛❧ φj,k(·) 1❡ ❡10❡♥❞❡ ❛ Vj ♣❛7❛ ❝❛❞❛
j✱ ✐10♦ 4✱
Vj = {m ∈ L2(R)|f(t) =
∑
k∈Z
αj,kφj,k(t− k)}, ∀j ∈ Z ✭✷✳✽✮
♣❛7❛ ❛❧❣✉♠❛ 1❡*✉E♥❝✐❛ αj,k✱ k ∈ Z✱ ♦♥❞❡ φj,k(·), k ∈ Z 4 ❜❛1❡ ♦70♦♥♦7♠❛❧ ♣❛7❛ Vj ❡
αj,k ≤ m,φj,k > L2✳ ◗✉❛❧*✉❡7 m(·) ❡♠ L2(R) ♣♦❞❡ 1❡7 ❡1❝7✐0♦ ❝♦♠♦
m(t) = lim
j→∞
∑
k∈Z
αj,kφj,k(t) = lim
j→∞
Pjm(t), ✭✷✳✾✮
♥♦ *✉❛❧ Pjm(t) 4 ❛ ♣7♦❥❡>?♦ ♦70♦♥♦7♠❛❧ ❞❡m ❡♠ Vj✳ ➱ ❢J❝✐❧ ❞❡ ✈✐1✉❛❧✐③❛7 *✉❡ lim
j→−∞
Pjm(t) =
0 ❡ (φj,b, φj,a)L2 =
∫ +∞
−∞
φj,b(t)φj,a(t)dt = δ
a
b ✱ ♦♥❞❡ δ
a
b = 0 1❡ a 6= b✱ ❡ δab = 1 1❡ a = b✳ ❆ 7❛✲
③?♦ ♣❛7❛ ❛♠♣❧❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❛1 ❲❛✈❡❧❡01 ❞❡✈❡✲1❡ ❛♦1 ✜❧07♦1 ❛11♦❝✐❛❞♦1 *✉❡ ❛♣7❡1❡♥0❛♠
♣7♦♣7✐❡❞❛❞❡1 ♥✉♠47✐❝❛1 ✐♥0❡7❡11❛♥0❡1✱ 0❛❧ *✉❡
φ(t) =
∑
k∈Z
hkφ1,k(t) =
∑
k∈Z
hk
√
2φ(2t− k), ✭✷✳✶✵✮
♦♥❞❡ hk =
√
2
∫
R
φ(2t− k)dt✱ k ∈ Z 4 ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ✜❧07♦ ❞❛ ❢✉♥>?♦ ❡1❝❛❧❛✳
❆ ❆♥J❧✐1❡ ❞❡ ▼✉❧0✐✲❘❡1♦❧✉>?♦ ✭❆▼❘✮ ❞❡ L2(R) 4 ❝❤❛♠❛❞❛ r✲7❡❣✉❧❛7✱ r ∈ N ✱ 1❡ ❛
❢✉♥>?♦ ❡1❝❛❧❛ φ(·)✱ ❞❡✜♥✐❞❛ ♣♦7 ✭✷✳✼✮✱ 4 0❛❧ *✉❡✿
φ(k)(t)| ≤ Cm
(1 + |t|)m , ∀k ≤ r ∀k ∈ N ∀m ∈ N. ✭✷✳✶✶✮
❖✉07♦ ✜❧07♦ gk 4 ❞❡✜♥✐❞♦ ❛ ♣❛70✐7 ❞❡ hk✱ ❛07❛✈41 ❞❛ 7❡❧❛>?♦ ❞❡ *✉❛❞7❛0✉7❛ ❡1♣❡❧❤❛❞❛
✭❘◗❊✮✿ gn = (−1)nH1−n✳ ➱ ♣♦112✈❡❧ ❡1❝7❡✈❡7 gk =
√
2
∫
R
ψ(t)φ(2t − k)dt ∀k ∈ Z ❡
{ψj,k(t) = 2 12ψ(2jt − k), j ∈ Z, k ∈ Z} ❡①0❡♥12✈❡❧ ❛ L2(R)✳ ❚❡♠✲1❡ *✉❡ Wj = {m ∈
L2(R)/|m(t) L2=
∑
k∈Z βj,kψj,k(t)}✳ ❊♥0?♦✱ Vj+1 = Vj ⊕Wj, ∀j ∈ Z✱ ❡♠ *✉❡ ⊕ 4 ❛ 1♦♠❛
❞✐7❡0❛ ❡♥07❡ ✈❡0♦7❡1✱ ❡
L2(R) = ⊕
i∈Z
Wj. ✭✷✳✶✷✮
✶✻
❈♦♥#❡%✉❡♥'❡♠❡♥'❡✱ %✉❛❧%✉❡, ❢✉♥./♦ m ∈ L2(R) ♣♦❞❡ #❡, ❡#❝,✐'❛ ♥❛ ♣❡,#♣❡❝'✐✈❛ ❞❡ L2
❝♦♠♦✿
m(t) =
∑
j∈Z
∑
k∈Z
βj,kψj,k(t) =
∑
k∈Z
αj0,kφj0,k(t) +
∑
j≥j0Z
∑
k∈Z
βj,kψj,k(t) ✭✷✳✶✸✮
♣❛,❛ ✉♠ j0 ❛,❜✐',=,✐♦✳
❆ ❡#❝♦❧❤❛ ❞❛ ❜❛#❡ ❲❛✈❡❧❡' ❞❡♣❡♥❞❡ ❡♠ ✈=,✐♦# ❛#♣❡❝'♦#✳ ❆ ,❡❣✉❧❛,✐③❛./♦ ❞❛ ❲❛✈❡❧❡'
C ♠✉✐'♦ ✐♠♣♦,'❛♥'❡ ❡♠ ♣,♦❜❧❡♠❛# ❞❡ ♦'✐♠✐③❛./♦ ❡#'❛'D#'✐❝❛✱ ❡ ♣♦❞❡ #❡, ❛✈❛❧✐❛❞❛ ♣❡❧❛
%✉❛♥'✐❞❛❞❡ ❞❡ ♠♦♠❡♥'♦# ♥✉❧♦#
Mk =
∫
R
tkψ(t)dt. ✭✷✳✶✹✮
❊♥',❡'❛♥'♦ φ ❡ ψ ♣♦##✉❡♠ N ♠♦♠❡♥'♦# ♥✉❧♦# #❡✱ ❡ #♦♠❡♥'❡ #❡✱
∑
n∈Z
nkgn =
∑
n∈Z
nk(−1)nhn = 0, ♣❛,❛ k = 0, 1, ..., N − 1. ✭✷✳✶✺✮
❊♠ ❣❡,❛❧✱ ♦# ✜❧',♦# ♣♦##✉❡♠ ✉♠ ♥I♠❡,♦ ✐♥✜♥✐'♦ ❞❡ '❡,♠♦# ♥/♦✲♥✉❧♦#✳ ❉✉❛# ❝❧❛##❡#
❡#♣❡❝✐❛✐# #/♦ ♦# ◆✲,❡❣✉❧❛, ❡ ❛# ✇❛✈❡❧❡'# ❞❡ #✉♣♦,'❡ ❝♦♠♣❛❝'♦✳ ❊♠ ❛♠❜♦# ♦# ❝❛#♦#✱ ♦
♥I♠❡,♦ ❞❡ '❡,♠♦# ♥/♦✲♥✉❧♦# C ✐❣✉❛❧ ❛ 2N ✭❉❆❯❇❊❈❍■❊❙✱ ✶✾✾✷✮✳ ❯♠❛ ❢❛♠D❧✐❛ ❞❡ ❢✉♥✲
.T❡# ✇❛✈❡❧❡'# ❞❡ #✉♣♦,'❡ ❝♦♠♣❛❝'♦ C ❛ ❢❛♠D❧✐❛ ❉❛✉❜❡❝❤✐❡(✱ ❡ ✉♠ ❝❛#♦ ♣❛,'✐❝✉❧❛, C ❛ ❜❛#❡
❍❛❛,✱ '❛♠❜C♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ♣,✐♠❡✐,❛ ❲❛✈❡❧❡'✱ #❡♥❞♦ ❞❡✜♥✐❞❛ ♣♦, φ(t) = 1[0,1](t) ❡
ψ(t) = 1[0,1/2](t)− 1[1/2,1](t)✱ ♦✉ ♣♦, h0 = h1 =
√
2/2 ❡ g0 =
√
2/2✱ g1 = −
√
2/2✳
❆# ❉❛✉❜❡❝❤✐❡( #/♦ ✐♥❞❡①❛❞❛# ♣❡❧♦ ♥I♠❡,♦ ❞❡ ♠♦♠❡♥'♦# ♥✉❧♦# N ✭Daubechies(N)✮✱
❝♦♠ ❜❛#❡ [0, 2N−1] ❡ ✜❧',♦# ❛##♦❝✐❛❞♦# ❞❡ '❛♠❛♥❤♦ 2N ✳ V♦, ❡①❡♠♣❧♦✱ ♣❛,❛ Daubechies(2)✱
h0 =
1 +
√
3
4
√
2
, h1 =
3 +
√
3
4
√
2
, h2 =
3−√3
4
√
2
, h3 =
1−√3
4
√
2
. ✭✷✳✶✻✮
❆# ❉❛✉❜❡❝❤✐❡( ♥/♦ ♣♦##✉❡♠ ❢♦,♠❛# ❢❡❝❤❛❞❛#✱ ❡①❝❡'♦ ❛# ❞❛ ❜❛#❡ ❍❛❛,✳ V♦, ❡#'❛ ,❛③/♦✱
✉'✐❧✐③❛✲#❡ ♦ ❛❧❣♦,✐'♠♦ ❞❡ ❝❛#❝❛'❛ ❞❡ ❉❛✉❜❡❝❤✐❡#✲▲❛❣❛,✐❛✱ %✉❡ ♣❡,♠✐'❡ ♦ ❝=❧❝✉❧♦ ❞❡ %✉❛❧%✉❡,
φ(t) ♣❛,❛ t ∈ R✱ ❝♦♠ %✉❛❧%✉❡, ♣,❡❝✐#/♦ ♣,C✲❞❡'❡,♠✐♥❛❞❛✳ ❈♦♥#✐❞❡,❡ φ(·) ❛ ❢✉♥./♦ ❞❡ ❡#❝❛❧❛
♣❛,❛ ❛ ❜❛#❡ ❞❛ Daubechies(N) ❡ {hk}k∈R #❡✉ ✜❧',♦ ❛##♦❝✐❛❞♦✳ V❛,❛ %✉❛❧%✉❡, t ∈ (0, 1)
❡ {d1, d2, ...} ❛ ,❡♣,❡#❡♥'❛./♦ ❞✐=❞✐❝❛ ❞❡ t✱ ❞❡✜♥✐❞♦ ♣♦, t =
∑∞
j=1 dj2
−j
✱ ♥Y# ❞❡✜♥✐♠♦# ❛#
♠❛',✐③❡# T0 ❡ T1 ❝♦♠♦✿
T0 = (
√
2h2i−j−1)1≤i,j≤2N−1T1 = (
√
2h2i−j)1≤i,j≤2N−1. ✭✷✳✶✼✮
❊♥'/♦✱ limn→∞ Td1 ...Tdn
=


φ(t) φ(t) . . . φ(t)
φ(t+ 1) φ(t+ 1) . . . φ(t+ 1)
✳
✳
✳
✳
✳
✳
✳
✳
✳
✳
✳
✳
φ(t+ 2N − 2) φ(t+ 2N − 2) . . . φ(t+ 2N − 2)

 ✭✷✳✶✽✮
✶✼
❆ ❝❧❛$$❡ ❞❛$ ❢✉♥*+❡$ ,✉❛❞-./✐❝❛$ ✐♥/❡❣-.✈❡✐$ 3✱ ❡♠ ❣❡-❛❧✱ ❣-❛♥❞❡ ❡ ❞✐✈❡-$❛ ♣❛-❛ $❡- ❞❡
✐♥/❡-❡$$❡ ♥❛ ♣-./✐❝❛✳ ❚♦❞❛✈✐❛ ❤. ❡$♣❛*♦$ ♠❡♥♦-❡$ ,✉❡ $;♦ $✉✜❝✐❡♥/❡♠❡♥/❡ ❣-❛♥❞❡$ ♣❛-❛
$❡-❡♠ =/❡✐$ ❡♠ ✉♠ ❜♦♠ ♥=♠❡-♦ ❞❡ ♣-♦❜❧❡♠❛$✱ ♠❛$ ❛✐♥❞❛ ♣♦$$✉❡♠ ❝♦♥❞✐*+❡$ ❞❡ -❡❣✉✲
❧❛-✐❞❛❞❡ ,✉❡ $;♦ -❡❧❡✈❛♥/❡$✳ ❉♦✐$ ❞❡$$❡$ $✉❜❡$♣❛*♦$ $;♦ ♦$ ❡$♣❛*♦$ ❞❡ ❍B❧❞❡- ❡ ❇❡$♦✈✱
❞❡♥♦/❛❞♦$ ♣♦- Hα(R) ❡ B p,q✳
➱ ✐♠♣♦-/❛♥/❡ ♠❡♥❝✐♦♥❛- ,✉❡ ❛❧❣✉♠❛$ ❢✉♥*+❡$ m ♣❡-/❡♥❝❡♠ ❛ Hα(R) ✭♦✉ B p,q✮ $❡✱ ❡
$♦♠❡♥/❡ $❡✱ $❡✉$ ❝♦❡✜❝✐❡♥/❡$ ❲❛✈❡❧❡/ $❡❣✉❡♠ ✉♠❛ ❝❡-/❛ ❧❡✐ ❞❡ ❞❡❝❛❞H♥❝✐❛✳ ❆ ❜❛$❡ ❞❛
❲❛✈❡❧❡/ 3 ❡♥/;♦ ❝❤❛♠❛❞❛ ❞❡ ❜❛$❡ ✐♥❝♦♥❞✐❝✐♦♥❛❧ ♣❛-❛ Hα(R) ✭♦✉ B p,q✮✳ ❊♠ ❛♣❧✐❝❛*+❡$✱
❡$/❛ ♣-♦♣-✐❡❞❛❞❡ -❡$✉❧/❛ ♥❛ ❛♥.❧✐$❡ ❞♦$ ❝♦❡✜❝✐❡♥/❡$ ❡$/✐♠❛❞♦$ ♦-❞❡♥❛❞❛♠❡♥/❡✱ ♣❛-❛ ❛✈❛✲
❧✐❛- ♦ ❣-❛✉ ❞❡ -❡❣✉❧❛-✐❞❛❞❡ ❞♦$ ❞❛❞♦$✳ ■$/♦ ❧❡✈❛ K -❡❞✉*;♦ ❞❡ ❝♦❡✜❝✐❡♥/❡$ ❡♠♣L-✐❝♦$✱ ❛❧3♠
❞❛ ♦/✐♠✐③❛*;♦ ❞❡ ❡$/✐♠❛/✐✈❛$ ❜❛$❡❛❞❛$ ❡♠ ❲❛✈❡❧❡/ ❡ ♣-♦❝❡❞✐♠❡♥/♦$ ❞❡ /❡$/❡ ❡♠ $❡♥/✐❞♦
♠✐♥✐♠❛① ✭▼❖❘❊❚❚■◆✱ S■◆❍❊■❘❖ ❡ ❱■❉❆❑❖❱■❈✱ ✷✵✶✻❀ ❱■❉❆❑❖❱■❈✱ ✶✾✾✾✮✳
❋✐♥❛❧♠❡♥/❡✱ ✉♠ ♠♦❞❡❧♦ ❞❡ -❡❣-❡$$;♦ ♥;♦✲♣❛-❛♠3/-✐❝♦ ❜❛$❡❛❞♦ ❡♠❲❛✈❡❧❡/ ❢♦✐ ♣-♦♣♦$/♦
♣♦- ❑♦✈❛❝ ❡ ❙✐❧✈❡-♠❛♥ ✭✷✵✵✵✮✳ ➱ ♣♦$$L✈❡❧ ❛♣❧✐❝❛- ❛ -❡❣-❡$$;♦ ❲❛✈❡❧❡/ ❛ ❝♦♥❥✉♥/♦$ ❞❡ ❞❛❞♦$
,✉❡ ♥;♦ $;♦ ✐❣✉❛❧♠❡♥/❡ ❡$♣❛*❛❞♦$ ❡♥/-❡ $✐✳ S❛-❛ /❛♥❞♦✱ ✐♥✐❝✐❛❧♠❡♥/❡ ❞❡✜♥✐♠♦$ ✉♠❛ ❣-❛❞❡
❞❡ ♣♦♥/♦$ ❝♦♠♦ t˜k = (K + 1/2)2
−J
✱ ♦♥❞❡ k ∈ {0, .., 2J − 1}✳ ❖$ ✈❛❧♦-❡$ ❞❛ ✈❛-✐.✈❡❧
-❡$♣♦$/❛ ❜❛$❡❛❞♦$ ♥❛ ❣-❛❞❡ ❞❡ ♣♦♥/♦$ $;♦ ❡♥/;♦ ❝❛❧❝✉❧❛❞♦$ ❝♦♠♦ y˜k✱ ❛ ♣❛-/✐- ❞❡ ✉♠❛
/-❛♥$❢♦-♠❛*;♦ ❧✐♥❡❛- ❞♦$ y✬$ ♦-✐❣✐♥❛✐$✳ ❯$❛♠♦$ $✐♠♣❧❡$♠❡♥/❡ ❝♦♠♦ y˜k ❛$ ♦❜$❡-✈❛*+❡$ ,✉❡
❡$/;♦ ❡♠ [k2−J , (k + 1)2−J ]✳ ❙❡♠♣-❡ ,✉❡ ♥❡♥❤✉♠❛ ♦❜$❡-✈❛*;♦ ♣✉❞❡- $❡- ❡♥❝♦♥/-❛❞❛ ♥♦
✐♥/❡-✈❛❧♦ ❢♦-♠❛❞♦ ♣❡❧❛ ❣-❛❞❡ ❞❡ ♣♦♥/♦$✱ /♦♠❛♠♦$ ❛ ♦❜$❡-✈❛*;♦ ♠❛✐$ ♣-b①✐♠❛✱ K ❡$,✉❡-❞❛
❞♦ ♠❡$♠♦✳ ❉❡$/❡ ♠♦❞♦✱ /-❛♥$❢♦-♠❛♠♦$ ❞❛❞♦$ ♥;♦ ❡,✉✐❞✐$/❛♥/❡$ ❡♠ ❞❛❞♦$ ✐❣✉❛❧♠❡♥/❡
❡$♣❛*❛❞♦$ ❡✱ ❛❧3♠ ❞✐$$♦✱ ✐$/♦ 3 ❢❡✐/♦ ❞❡ ♠♦❞♦ ❛ ♣-♦❞✉③✐- ✉♠ /❛♠❛♥❤♦ ❞❡ ❛♠♦$/-❛ ,✉❡ $❡❥❛
✉♠❛ ♣♦/H♥❝✐❛ ❞❡ ✷✳ ❆$$✐♠✱ ❛$ /3❝♥✐❝❛$ ❞❛ /-❛♥$❢♦-♠❛*;♦ ❞✐$❝-❡/❛ ❞❛ ❲❛✈❡❧❡/ ♣♦❞❡♠ $❡-
❡♠♣-❡❣❛❞❛$✳ ❯♠ ❧✐♠✐❛- ✭ ❤"❡$❤♦❧❞✐♥❣✮ 3 ❛♣❧✐❝❛❞♦ ♥♦$ ❝♦❡✜❝✐❡♥/❡$ ❡$/✐♠❛❞♦$✱ ❡ ❡$❝-❡✈❡♠♦$
♦ ❡$/✐♠❛❞♦- ❞♦ ♠♦❞❡❧♦ ❞❡ -❡❣-❡$$;♦ ❲❛✈❡❧❡/ ❝♦♠♦
mˆ(x) =
2j0∑
k=0
cˆj0kψj0k(x) +
Jmax−1∑
j≥j0
2j∑
k=0
dˆtrhjk ψjk(x), ✭✷✳✶✾✮
♦♥❞❡ cˆj0k $;♦ ❛$ ❛♣-♦①✐♠❛*+❡$ ❡$/✐♠❛❞❛$ ❞♦$ ❝♦❡✜❝✐❡♥/❡$ ❡ dˆ
trh
jk $;♦ ♦$ ❝♦❡✜❝✐❡♥/❡$ ,✉❡
-❡❝❡❜❡-❛♠ ❛ ❛♣❧✐❝❛*;♦ ❞♦ ❧✐♠✐❛- ✭ ❤"❡$❤♦❧❞ ✮✱ ♣❛-❛ ❛ j✲3$✐♠❛ ❡$❝❛❧❛ ✭❑❖❱❆❈ ❡ ❙■▲❱❊❘✲
▼❆◆✱ ✷✵✵✵✮✳
✶✽
❈❛♣#$✉❧♦ ✸
▼❡$♦❞♦❧♦❣✐❛
 ❛"❛ ❛✈❛❧✐❛" ♦ ❞❡)❡♠♣❡♥❤♦ ❞♦ ▼♦❞❡❧♦ ❞❡ ❘❡❣"❡))1♦ ❲❛✈❡❧❡3 ✭▼❲✮ ♥❛ ✐❞❡♥3✐✜❝❛81♦ ❞❡
❢✉♥8;❡) ♥1♦ ❧✐♥❡❛"❡)✱ ❢♦"❛♠ ❝♦♥)✐❞❡"❛❞❛) ❛❧❣✉♠❛) ❢✉♥8;❡) ♥1♦ ❧✐♥❡❛"❡) ❝♦♥❤❡❝✐❞❛)✳ ◆❡)3❡
3"❛❜❛❧❤♦ ❧❡✈❛♠♦) ❡♠ ❝♦♥3❛ ✉♠ 3♦3❛❧ ❞❡ 25 ❢✉♥8;❡) ♥1♦ ❧✐♥❡❛"❡)✱ ❞❡♥♦3❛❞❛) ♥♦ ❆♣A♥❞✐❝❡ ❆✳
❊♠ )❡❣✉✐❞❛✱ )❡❧❡❝✐♦♥❛♠♦) 4 ❢✉♥8;❡) ♥1♦ ❧✐♥❡❛"❡) ♣❛"❛ ❣❡"❛"♠♦) ♦) ❞❛❞♦) )✐♠✉❧❛❞♦)✳
❋♦"❛♠ ❡❧❛)✿
Y1 = f1(x, β) =
β1
β2 + eβ3x
; ✭✸✳✶✮
Y2 = f2(x, β) = β1 + e
−β2x; ✭✸✳✷✮
Y3 = f3(x, β) =
β2x
β1 + x
; ✭✸✳✸✮
Y4 = f4(x, β) = β1 cos(2x) + β2 sin(x). ✭✸✳✹✮
❆ "❡❧❛81♦ ♠❛3❡♠I3✐❝❛ ✭✸✳✶✮ "❡♣"❡)❡♥3❛ ✉♠❛ ❢✉♥81♦ ❧♦❣J)3✐❝❛ ❝♦♠ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❡♠
♣"♦❜❧❡♠❛) "❡❧❛3❛❞♦) ♥❛ ▼❡❞✐❝✐♥❛ ❡ I"❡❛) ❞❛ ❙❛L❞❡✳ ❆ ❡①♣"❡))1♦ ✭✸✳✷✮ N ✉♠❛ ❢✉♥81♦ ❡①✲
♣♦♥❡♥❝✐❛❧ P✉❡ 3❡♠ ❛♣❧✐❝❛8;❡) ❡♠ ♣"♦❜❧❡♠❛) ♥❛ I"❡❛ ✐♥❞✉)3"✐❛❧✱ ❝♦♠♦ ♣♦" ❡①❡♠♣❧♦✱ ♦) P✉❡
❡♥✈♦❧✈❡♠ ❝♦♥✜❛❜✐❧✐❞❛❞❡✳  ♦" )✉❛ ✈❡③✱ ❛ "❡❧❛81♦ ♠❛3❡♠I3✐❝❛ ✭✸✳✸✮ 3❡♠ ✈❛)3❛ ❛♣❧✐❝❛81♦ ♥❛
I"❡❛ P✉J♠✐❝❛ ❡ ❛ ❢✉♥81♦ ✭✸✳✹✮ ❢♦✐ ❡)❝♦❧❤✐❞❛ ♣♦" )❡ ♠♦)3"❛" ❣"❛✜❝❛♠❡♥3❡ ❞✐❢❡"❡♥❝✐❛❞❛ ❞❛)
♦✉3"❛) 24 ❢✉♥8;❡) ♥1♦ ❧✐♥❡❛"❡) ✭▼■❈❍❆❊▲■❙ ❡ ▼❊◆❚❊◆✱ ✶✾✶✸✮✳
✸✳✶ ●❡%❛'(♦ ❞♦+ ❉❛❞♦+ ❙✐♥010✐❝♦+
 ❛"❛ ❛ ❝♦♥)3"✉81♦ ❞❛ ✈❛"✐I✈❡❧ Y ❛ ♣❛"3✐" ❞❛) ❡①♣"❡));❡) ✭✸✳✶✮ ❛ ✭✸✳✹✮✱ ❝♦♥)✐❞❡"❛♠♦)
♦) )❡❣✉✐♥3❡) ♣❛"X♠❡3"♦)✿ ♦ ✈❡3♦" x ❢♦✐ ❣❡"❛❞♦ ❛ ♣❛"3✐" ❞❡ ✉♠❛ ❞✐)3"✐❜✉✐81♦ ✉♥✐❢♦"♠❡
X ∼ U(a, b)✱ ❞❡❧✐♠✐3❛❞❛ ♣❡❧♦ ✈❛❧♦" ♠J♥✐♠♦ ✭a✮ ❡ ♠I①✐♠♦ ✭b✮✳ ❆ ✐♥3❡♥)✐❞❛❞❡ ❞❛ "❡❧❛✲
81♦ ❡♥3"❡ X ❡ Y ❢♦✐ ❞❡3❡"♠✐♥❛❞❛ ♣♦" ♠❡✐♦ ❞❛ ✈❛"✐X♥❝✐❛ ❞♦ ✈❡3♦" ❞❡ "❡)J❞✉♦) ✭ε✮ P✉❡✱ ♣♦"
❞❡✜♥✐81♦✱ )❡❣✉❡♠ ❞✐)3"✐❜✉✐81♦ ♥♦"♠❛❧ ❝♦♠ ♠N❞✐❛ ③❡"♦ ❡ ✈❛"✐X♥❝✐❛ ❝♦♥❤❡❝✐❞❛✱ ε ∼ N(0, σ2ε)✳
✶✾
◗✉❛♥$♦ ♠❡♥♦( ❛ ✈❛(✐+♥❝✐❛✱ ♠❛✐. ❢♦($❡ ❛ (❡❧❛12♦ ❡♥$(❡ X ❡ Y ✳ ❆❧$❡(❛♥❞♦ ❛ ✈❛(✐+♥❝✐❛
♣❛(❛ ✉♠ ✈❛❧♦( ♠❛✐. ❡❧❡✈❛❞♦✱ $❡♠✲.❡ ❛ (❡❧❛12♦ ♠♦❞❡(❛❞❛✳ ❊ ♣♦( ✜♠✱ ❛ ✈❛(✐+♥❝✐❛ ❛❧$❛ ❛❝❛(✲
(❡$❛ ❡♠ ✉♠❛ (❡❧❛12♦ ❛:✉✐ ❝❧❛..✐✜❝❛❞❛ ❝♦♠♦ ❧❡✈❡✳ ❊.$❡. ✈❛❧♦(❡. ❢♦(❛♠ ❞❡$❡(♠✐♥❛❞♦. ❞❡
♠♦❞♦ ❡♠♣;(✐❝♦✱ ✈✐.✉❛❧✐③❛♥❞♦✲.❡ ♦. ❣(>✜❝♦. ❣❡(❛❞♦. ♣❛(❛ ❝❛❞❛ ❢✉♥12♦ ❡ ♣❛(❛ ❝❛❞❛ ✈❛(✐+♥❝✐❛
❞❡✜♥✐❞❛. ♥♦. ❡((♦.✳ ❉❡✜♥✐♠♦. ❝♦♠♦ (❡❧❛12♦ ❢♦($❡✱ ♦. ❝❡♥>(✐♦. ❝✉❥♦. ❣(>✜❝♦. ❞❡ ❞✐.♣❡(.2♦
❡♥$(❡ X ❡ Y ❛♣(❡.❡♥$❛(❛♠ ♦❜.❡(✈❛1B❡. ❥✉.$❛♣♦.$❛. ❡ ♣(❡❝✐.❛ ❞❡❧✐♥❡❛12♦ ❞❛ ❝✉(✈❛✳ C❛(❛
❞❡✜♥✐( ♦. ❝❡♥>(✐♦. ❞❡ ✐♥$❡♥.✐❞❛❞❡ ❞❡ (❡❧❛12♦ ❧❡✈❡✱ $✐✈❡♠♦. ♦ ❝✉✐❞❛❞♦ ❡♠ ♥2♦ ❛✉♠❡♥$❛( ❛
✈❛(✐+♥❝✐❛ ❞♦. ❡((♦. ❛♦ ♣♦♥$♦ ❞❡ :✉❡✱ ❣(❛✜❝❛♠❡♥$❡✱ ♥2♦ ♣✉❞D..❡♠♦. ✈✐.✉❛❧✐③❛( :✉❡ ❤❛✈✐❛
(❡❧❛12♦ ♥2♦ ❧✐♥❡❛( ❡♥$(❡ ❛. ✈❛(✐>✈❡✐.✳ ❖. ❝❡♥>(✐♦. ❞❡ (❡❧❛12♦ ♠♦❞❡(❛❞❛ ❢♦(❛♠ ❞❡✜♥✐❞♦. ♣♦(
♠❡✐♦ ❞❛ ✈✐.✉❛❧✐③❛12♦ ❞❡ ❞✐.♣❡(.2♦ ✐♥$❡(♠❡❞✐>(✐❛ ❞❛. ♦❜.❡(✈❛1B❡. ❣❡(❛❞❛.✱ :✉❛♥❞♦ ❝♦♠♣❛✲
(❛❞♦ ❝♦♠ ♦. ❣(>✜❝♦. ❞❡ (❡❧❛12♦ ❢♦($❡ ❡ ❧❡✈❡✳ ❆ ❚❛❜❡❧❛ ✸✳✶ $(❛③ ♦. ✈❛❧♦(❡. ✉$✐❧✐③❛❞♦. ♣❛(❛
♦. ♣❛(+♠❡$(♦. β ❡ ❛. ✐♥❢♦(♠❛1B❡. ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞❛.✳
❚❛❜❡❧❛ ✸✳✶✿ C❛(+♠❡$(♦. ✉$✐❧✐③❛❞♦. ♣❛(❛ ❣❡(❛( ♦. ✈❛❧♦(❡. ❞❡ x ❡ y ❡♠ .✐♠✉❧❛12♦✳
❋✉♥1B❡.
X ∼ U(a, b) ❘❡❧❛12♦ ❡♥$(❡ X ❡ Y ✈❡$♦( β
a b ❋♦($❡ ▼♦❞❡(❛❞❛ ▲❡✈❡ β1 β2 β3
f.1 −6.00 6.00 ε ∼ N(0, 0.01) ε ∼ N(0, 0.1) ε ∼ N(0, 0.2) 2.00 3.00 1.000
f.2 1.00 4.00 ε ∼ N(0, 0.005) ε ∼ N(0, 0.03) ε ∼ N(0, 0.06) 0.25 1.00 −
f.3 5.00 210.00 ε ∼ N(0, 1) ε ∼ N(0, 5) ε ∼ N(0, 10) 20.00 120.00 −
f.4 0.00 4.00 ε ∼ N(0, 0.1) ε ∼ N(0, 1) ε ∼ N(0, 2) 4.00 1.00 −
✸✳✷ ❆❥✉&'❡ ❞♦ ▼♦❞❡❧♦ ❞❡ ❘❡❣/❡&&0♦ ❲❛✈❡❧❡'
❆♣O. ❣❡(❛( X ❡ Y ✱ ❜❛.❡❛❞♦. ♥♦. ♣❛(+♠❡$(♦. ❞❡.❝(✐$♦. ♥❛ ❚❛❜❡❧❛ ✸✳✶✱ ♣(♦❝❡❞❡✉✲.❡ ♦
$(❛$❛♠❡♥$♦ ❞❡.$❡. ❞❛❞♦. ❛♥$❡. ❞♦ ❛❥✉.$❡ ❞♦ ▼♦❞❡❧♦ ❞❡ ❘❡❣(❡..2♦ ❲❛✈❡❧❡$ ✭▼❲✮✳
❆ (❡❣(❡..2♦ ❲❛✈❡❧❡$ ❡①✐❣❡ :✉❡ ♦. ❞❛❞♦. ❡♥❝♦♥$(❡♠✲.❡ ❡:✉✐❞✐.$❛♥$❡.✳ ❯♠ ♠D$♦❞♦ ♣❛(❛
❛..✐♠ $♦(♥>✲❧♦. D ❞❡.❝(✐$♦ ♣♦( ❑♦✈❛❝ ✭✶✾✾✼✮ ❡ ❑♦✈❛❝ ❡ ❙✐❧✈❡(♠❛♥ ✭✷✵✵✵✮✳ ❉❡.$❛ ❢♦(♠❛✱ ❢♦✐
♥❡❝❡..>(✐♦ $(❛♥.❢♦(♠❛( ♦. ✈❛❧♦(❡. ❞❛ ✈❛(✐>✈❡❧ ✐♥❞❡♣❡♥❞❡♥$❡✱ ♣♦( ♠❡✐♦ ❞❛ .❡❣✉✐♥$❡ $(❛♥.✲
❢♦(♠❛12♦
x∗ =
x−min(x)
(max(x)−min(x)) , ✭✸✳✺✮
❡ ✉$✐❧✐③❛( ♦ ❛❧❣♦(✐$♠♦ ❞❡ ❑♦✈❛❝✲❙✐❧✈❡(♠❛♥✱ ♦ :✉❛❧ $♦♠❛ ✉♠ ♣❛( ❞❡ ❞❛❞♦. (x, y)✱ ❝♦♠ x
❛(❜✐$(>(✐♦ ♥♦ ✐♥$❡(✈❛❧♦ (0, 1)✱ ❡ ✐♥$❡(♣♦❧❛ ❧✐♥❡❛(♠❡♥$❡ (x, y) ♣❛(❛ ✉♠❛ ❣(❛❞❡ ❞✐>❞✐❝❛ ✐❣✉❛❧✲
♠❡♥$❡ ❡.♣❛1❛❞❛✳
❆ ♣(O①✐♠❛ ❡$❛♣❛ ❝♦♠♣(❡❡♥❞❡ ♥♦ ❛❥✉.$❡ ❞♦ ▼❲ ❛♦. ❞❛❞♦. ✐♥$❡(♣♦❧❛❞♦.✳ ■.$♦ D ❢❡✐$♦
❛$(❛✈D. ❞❛ ❢✉♥12♦ ✏✐""❡❣✇❞✑✱ ❞♦ ♣❛❝♦$❡ ✏✇❛✈❡*❤"❡,❤✑✱ ❞✐.♣♦♥;✈❡❧ ❡♠ R✳ ◆♦ ❡♥$❛♥$♦✱
❡.$❡. ❞❛❞♦. .❡(2♦ ❝♦((❡❧❛❝✐♦♥❛❞♦. ❞❡✈✐❞♦ ^ ✐♥$❡(♣♦❧❛12♦✱ ❡ ✐..♦ ♣(❡❝✐.❛ .❡( ❧❡✈❛❞♦ ❡♠ ❝♦♥$❛✳
❉❡♣♦✐. ❞❡ $♦♠❛( ♦ ✈❛❧♦( ❡.$✐♠❛❞♦ ♣❡❧♦ ▼❲ ❡ ❛♥$❡. ❞♦  ❤"❡$❤♦❧❞✐♥❣✱ ♣❡(❝❡❜❡✲.❡ :✉❡ ❝❛❞❛
❝♦❡✜❝✐❡♥$❡ $❡♠ .✉❛ ♣(O♣(✐❛ ✈❛(✐+♥❝✐❛✳ ❖ ❛❧❣♦(✐$♠♦ ❞❡ ❑♦✈❛❝✲❙✐❧✈❡(♠❛♥ ❝❛❧❝✉❧❛ ❡..❛ ✈❛(✐✲
+♥❝✐❛ ❡✜❝✐❡♥$❡♠❡♥$❡ ✉.❛♥❞♦ ♦ ❝♦♥❤❡❝✐♠❡♥$♦ ❞♦ ❡.:✉❡♠❛ ❞❡ ✐♥$❡(♣♦❧❛12♦✳
◗✉❛♥❞♦ ❛♣❧✐❝❛♠♦. ❛ ❢✉♥12♦ ✏*❤"❡,❤♦❧❞✳✐""❡❣✇❞✑✱ ❛ ♠❡.♠❛ ❢❛③ ✉.♦ ❞❛. ✐♥❢♦(♠❛1B❡.
.♦❜(❡ ❛ ✈❛(✐+♥❝✐❛ ❞❡ ❝❛❞❛ ❝♦❡✜❝✐❡♥$❡ ♣❛(❛ ❛✈❛❧✐❛( .❡ ♦. ♠❡.♠♦. ❛♣(❡.❡♥$❛♠ .✐❣♥✐✜❝+♥❝✐❛
✷✵
❡!"❛"$!"✐❝❛✱ ❞❡!❝❛)"❛♥❞♦ ❞♦ ▼❲ ♦! ❝♦❡✜❝✐❡♥"❡! ♥/♦ !✐❣♥✐✜❝❛"✐✈♦!✳ ◆❡!"❛ ❢✉♥6/♦✱ ✉"✐❧✐③❛✲
♠♦!  ❤"❡$❤♦❧❞ ❞♦ "✐♣♦ ❢♦)"❡✱ <✉❡ = ♠❛✐! )$❣✐❞♦ ♥❛ ♠♦❞✐✜❝❛6/♦ ❞♦! ❝♦❡✜❝✐❡♥"❡!✱ ❡ ❛ ❢✉♥6/♦
♠❛❞♠❛❞✱ <✉❡ = ♠❛✐! )♦❜✉!"❛ ❡ )❡"♦)♥❛ ♦ <✉❛❞)❛❞♦ ❞❛ ❢✉♥6/♦ ♠❡❞✐❛♥❛ ❞❡ ❞❡!✈✐♦ ❛❜!♦❧✉"♦✳
■!"♦ = ♥❡❝❡!!@)✐♦ ♥♦! ❝@❧❝✉❧♦! ✐♥")$♥!❡❝♦! ❞♦  ❤"❡$❤♦❧❞✳ ❖ ❛)❣✉♠❡♥"♦ ♣❛)❛ ♣♦❧$"✐❝❛ ✉"✐❧✐③❛❞❛
❢♦✐ ♦ ❯♥✐✈❡)!❛❧✱ <✉❡ = ✐♠♣❧❡♠❡♥"❛❞♦ <✉❛♥❞♦ !❡ ❞❡!❡❥❛ <✉❡ !✉❛ ❡!"✐♠❛"✐✈❛ ❞❡ ✈❛)✐D♥❝✐❛ ❞❡
❧✐♠✐❛) ✉!❡ ❛♣❡♥❛! ♦! ♠❡❧❤♦)❡! ❝♦❡✜❝✐❡♥"❡! ❞❡ ❡!❝❛❧❛✳
F❛)❛ ❝♦♠♣❛)❛) ❛ ❡!"✐♠❛"✐✈❛ ❞♦ ▼❲ ✭yˆMW ✮ ❝♦♠ ❛! ❢✉♥6I❡! ♥/♦ ❧✐♥❡❛)❡!✱ ❛♣J! ❛♣❧✐❝❛)
♦ ❧✐♠✐❛)✱ = ♥❡❝❡!!@)✐♦ )❡♦)❣❛♥✐③❛) ♦! ✈❛❧♦)❡! ❞❛ ✈❛)✐@✈❡❧ )❡!♣♦!"❛✱ <✉❡ !/♦ )❡"♦)♥❛❞♦! ❡♠
♦)❞❡♠ ❞✐❢❡)❡♥"❡ ❞❛ ✈❛)✐@✈❡❧ ♦)✐❣✐♥❛❧♠❡♥"❡ ♦❜!❡)✈❛❞❛✳ ❋✐③❡♠♦! ✐!"♦ ♣♦) ♠❡✐♦ ❞♦ ❝♦♠❛♥❞♦
yˆMW = yˆMW [rank(x)]✳
❆❣♦)❛✱ ♦"✐♠✐③❛♠♦! ❛! ❢✉♥6I❡! ♥/♦ ❧✐♥❡❛)❡! ✉"✐❧✐③❛♥❞♦ ♦ ♠="♦❞♦ ❞❡ ●)❛❞✐❡♥"❡ ❈♦♥✲
❥✉❣❛❞♦✱ ♣♦) ♠❡✐♦ ❞❛ ❢✉♥6/♦ ✏♦♣&✐♠✑✱ ❞✐!♣♦♥$✈❡❧ ♥♦ ❘✳ F❛)❛ ✐!"♦✱ ✉!❛♠♦! ❝♦♠♦ ❜❛!❡ ♦!
✈❛❧♦)❡! ❞❡ x ❡ y ❣❡)❛❞♦! ❝♦♠ ❛! ❢✉♥6I❡! ✈❡)❞❛❞❡✐)❛!✳ ❖ ♦❜❥❡"✐✈♦ = ❝❛❧❝✉❧❛) ❛ ❡!"✐♠❛"✐✈❛
❞♦ ✈❡"♦) ❞❡ ♣❛)D♠❡")♦! β ♣❛)❛ ❝❛❞❛ ❢✉♥6/♦ ♥/♦ ❧✐♥❡❛)✱ ❡ ❛!!✐♠ ❡!"✐♠❛) y✱ ❝♦♠♣❛)❛♥❞♦
❛ ❡!"✐♠❛"✐✈❛ ❞❛ ✈❛)✐@✈❡❧ )❡!♣♦!"❛ ♦❜"✐❞❛ ♣❡❧♦ ▼❲ ❝♦♠ ❛! ❡!"✐♠❛"✐✈❛! ♦❜"✐❞❛! ♣❛)❛ ❝❛❞❛
❢✉♥6/♦ ♥/♦ ❧✐♥❡❛) ❝♦♥!✐❞❡)❛❞❛✳
✸✳✸ ▼❡❞✐❞❛' ❈♦♠♣❛,❛-✐✈❛'
❖ ❞❡!❡♠♣❡♥❤♦ ❞♦ ▼❲ ❢♦✐ ❛✈❛❧✐❛❞♦ ♣♦) ♠❡✐♦ ❞♦ ❝@❧❝✉❧♦ ❞❛ ❘❛✐③ ❞❛ ▼=❞✐❛ ❞♦ ◗✉❛❞)❛❞♦
❞♦! ❊))♦! ✭❘▼◗❊✮ ❡ ♣❡❧♦ ❊))♦ ❆❜!♦❧✉"♦ ▼❡❞✐❛♥♦ ✭❊❆▼✮ ❞❡✜♥✐❞♦! ♣❡❧❛! ❡①♣)❡!!I❡! ✭✸✳✻✮
❡ ✭✸✳✼✮✱ )❡!♣❡❝"✐✈❛♠❡♥"❡✿
RMQEj =
√√√√ 1
n
n∑
i=1
(yˆMWi − yˆMNLij )2, j = 1, 2, ..., 25; ✭✸✳✻✮
EAMj = ♠❡❞✐❛♥❛(|yˆMWi − yˆMNLij |), j = 1, 2, ..., 25. ✭✸✳✼✮
◆♦"❡ <✉❡ ❛! ♠❡❞✐❞❛! ❞❡ ♣❡)❢♦)♠❛♥❝❡ !/♦ ❜❛!❡❛❞❛! ♥❛ ❞✐❢❡)❡♥6❛ ❡♥")❡ ♦! ✈❛❧♦)❡! ❡!"✐✲
♠❛❞♦! ♣❡❧♦ ▼❲ ✭yˆMWi ✱ ♣❛)❛ i = 1, 2..., n✮ ❡ ♦! )❡!♣❡❝"✐✈♦! ✈❛❧♦)❡! ❡!"✐♠❛❞♦! ♣❡❧♦ j✲=!✐♠♦
♠♦❞❡❧♦ ❞❡ )❡❣)❡!!/♦ ♣❛)❛♠=")✐❝♦ ✭yˆMNLij ✱ ♣❛)❛ i = 1, 2..., n ❡ j = 1, 2, ..., 25✮✳ ❉❡!"❛ ❢♦)♠❛✱
♣❛)❛ ❝❛❞❛ ❜❛!❡ ❞❡ ❞❛❞♦! !✐♠✉❧❛❞❛✱ !❡)@ ❛❥✉!"❛❞❛ ❛♦ ▼❲ ❡ ❝❛❞❛ ✉♠ ❞♦! 25 ♠♦❞❡❧♦! ♥/♦
❧✐♥❡❛)❡!✳ F❛)❛ ❝❛❞❛ ♠♦❞❡❧♦ ♥/♦ ❧✐♥❡❛)✱ !❡)@ ❝❛❧❝✉❧❛❞❛ ❛ )❡!♣❡❝"✐✈❛ RMSEj ❡ EAMj✱ <✉❡
❝♦♠♣❛)❛ ♦! ✈❛❧♦)❡! ♣)❡❞✐"♦! ❞♦ ▼◆▲ ❝♦♠ ♦! ✈❛❧♦)❡! ♣)❡❞✐"♦! ♣❡❧♦ ▼❲✳
❊♠ ♥♦!!♦ ❝)✐"=)✐♦ ❞❡ ❛✈❛❧✐❛6/♦✱ ♦ ▼❲ "❡)@ ✉♠ ❜♦♠ ❞❡!❡♠♣❡♥❤♦ ❝❛!♦ ♦ ♠❡♥♦) ✈❛❧♦)
❞❡ RMSEj ❡✴♦✉ EAMj ❝♦))❡!♣♦♥❞❛ Z ❢✉♥6/♦ ♥/♦ ❧✐♥❡❛) ✈❡)❞❛❞❡✐)❛✳ ■!"♦ !✐❣♥✐✜❝❛ <✉❡
♦ ▼❲ ❡!"❛)@ !❡ ❛♣)♦①✐♠❛♥❞♦ ♠❛✐! ❞❛ ✈❡)❞❛❞❡✐)❛ ❢✉♥6/♦ ❡✱ ❝♦♥!❡<✉❡♥"❡♠❡♥"❡✱ = ♣♦!!$✈❡❧
✐❞❡♥"✐✜❝@✲❧❛ ♣♦) ♠❡✐♦ ❞❡❧❡✳ ❆♦ ✜♥❛❧✱ ❛♣)❡!❡♥"❛)❡♠♦! ❛ ♣♦)❝❡♥"❛❣❡♠ ❞❡ ✈❡③❡! ❡♠ <✉❡ ♦!
♠❡♥♦)❡! ✈❛❧♦)❡! ❞❛! ♠❡❞✐❞❛! ❝♦♠♣❛)❛"✐✈❛! ♦❝♦))❡)❛♠ ♣❛)❛ ❛ ✈❡)❞❛❞❡✐)❛ ❢✉♥6/♦ ♥/♦ ❧✐♥❡❛)✳
✷✶
✸✳✹ ❙✐♠✉❧❛)*♦
❆❧"♠ ❞❡ ❝♦♥)✐❞❡+❛+ -✉❛/+♦ ❢✉♥12❡) ♥3♦ ❧✐♥❡❛+❡) ✭f1✱ f2✱ f3 ❡ f4✮ ❡ ❛ ✐♥/❡♥)✐❞❛❞❡ ❞❛
+❡❧❛13♦ ❡♥/+❡ X ❡ Y ✭❢♦+/❡✱ ♠♦❞❡+❛❞❛ ❡ ❧❡✈❡✮✱ ❞❡❝✐❞✐♠♦) ✉/✐❧✐③❛+ /+9) /❛♠❛♥❤♦) ❛♠♦)/+❛✐)
❛ ✜♠ ❞❡ ❛✈❛❧✐❛+ ♦ ❞❡)❡♠♣❡♥❤♦ ❞♦ ▼❲ ❡♠ -✉❛♥/✐❞❛❞❡) ❛♠♦)/+❛✐) ❞✐❢❡+❡♥/❡)✳ ❈♦♥)✐❞❡✲
+❛♥❞♦ -✉❡✱ ♣♦+ ♠♦/✐✈♦) ❝♦♠♣✉/❛❝✐♦♥❛✐) ✐♥❡+❡♥/❡) ❛♦ ▼❲✱ " +❡❝♦♠❡♥❞❛❞♦ -✉❡ ♦ /❛♠❛♥❤♦
❛♠♦)/+❛❧ )❡❥❛ ✉♠ ♥C♠❡+♦ -✉❡ ♣♦❞❡ )❡+ ❞❡)❝+✐/♦ ❝♦♠♦ ✉♠❛ ♣♦/9♥❝✐❛ ❞❡ 2✱ ❡)❝♦❧❤❡♠♦)
n1 = 2
7 = 128✱ n2 = 2
8 = 256 ❡ n3 = 2
9 = 512✳ ▲♦❣♦ ❢♦+❛♠ +❡❛❧✐③❛❞❛) )✐♠✉❧❛12❡) ❞❡
▼♦♥/❡ ❈❛+❧♦ ❡♠ 36 ❝❡♥F+✐♦) ❞✐)/✐♥/♦)✳
❖ ❡)/✉❞♦ ♣♦+ ♠❡✐♦ ❞❛ /"❝♥✐❝❛ ❞❡ ▼♦♥/❡ ❈❛+❧♦ ❝♦♥)✐)/❡ ❡♠ )✐♠✉❧❛+ ❝❡♥F+✐♦)✱ -✉❡ )❡
❛♣+♦①✐♠❛♠ ❞❡ )✐/✉❛12❡) +❡❛✐)✱ ✐♥C♠❡+❛) ✈❡③❡)✳ ◆❛ ❊)/❛/K)/✐❝❛✱ ❡)/❛ /"❝♥✐❝❛ " ✉/✐❧✐③❛❞❛ ♣♦+
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❡)/✉❞♦✱ ❛♦ ❧♦♥❣♦ ❞❛) )✐♠✉❧❛12❡) ✭❊❈❑❍❆❘❉❚✱ ✶✾✽✼✮✳
❆❞♦/❛♠♦) m = 1000 ♣❛+❛ ♦ ♥C♠❡+♦ ❞❡ +"♣❧✐❝❛) ▼♦♥/❡ ❈❛+❧♦✱ ❛♣❧✐❝❛❞❛) ❡♠ ❝❛❞❛ ✉♠
❞♦) 36 ❝❡♥F+✐♦) ❛-✉✐ ❞❡)❝+✐/♦)✳ ◆♦ ❆♣9♥❞✐❝❡ ❇✱ ❡♥❝♦♥/+❛✲)❡ ♦ )❝+✐♣/✱ ✉/✐❧✐③❛❞♦ ♥♦ ♣+♦❣+❛♠❛
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❈❛♣#$✉❧♦ ✹
❘❡+✉❧$❛❞♦+ ❡ ❉✐+❝✉++0❡+
❆! ✜❣✉%❛! ❛ !❡❣✉✐% ♣❡%♠✐+❡♠ ❛ ✈✐!✉❛❧✐③❛/0♦ ❞♦! ❝❡♥5%✐♦! ❝♦♠ %❡❧❛/0♦ ❢♦%+❡✱ ♠♦❞❡%❛❞❛
❡ ❧❡✈❡✱ ❡♥+%❡ X ❡ Y ✱ ❛❧8♠ ❞♦! ❞✐!+✐♥+♦! +❛♠❛♥❤♦! ❛♠♦!+%❛✐!✳ ❚❛♠❜8♠ 8 ♣♦!!=✈❡❧ ♦❜!❡%✈❛%
♦! ✈❛❧♦%❡! ❡!+✐♠❛❞♦! ♣❡❧♦ ▼❲✱ ❡ ❝♦♠♣❛%5✲❧♦! ❡♠♣✐%✐❝❛♠❡♥+❡ ❝♦♠ ♦! ❞❛❞♦! ❞❡ ♦%✐❣❡♠✳
◗✉❛♥❞♦ ❝♦♥!✐❞❡%❛♠♦! ❛ ❡①♣%❡!!0♦ f1✱ ♣❡%❝❡❜❡✲!❡✱ ♣❡❧❛ ❋✐❣✉%❛ ✹✳✶✱ F✉❡ ♦! ✈❛❧♦%❡! ❡!+✐✲
♠❛❞♦! ♣❡❧♦ ▼❲ !❡ ❛♣%♦①✐♠❛♠ ❞♦! ❞❛❞♦! ✈❡%❞❛❞❡✐%♦!✱ ❝♦♥!❡❣✉✐♥❞♦ ❝❛♣+❛% ❛! ✈❛%✐❛/G❡! ❞❛
❝✉%✈❛ ❛♦ ❧♦♥❣♦ ❞♦! ❡✐①♦! ♥♦! ❣%5✜❝♦!✳ ❈♦♥+✉❞♦✱ ❡♠ ♠❡♥♦% +❛♠❛♥❤♦ ❛♠♦!+%❛❧✱ n = 128✱
❡ %❡❧❛/0♦ ❧❡✈❡ ❡♥+%❡ (x, y)✱ ♦ ▼❲ +❡✈❡ ❞✐✜❝✉❧❞❛❞❡ ❡♠ ❞❡❧✐♥❡❛% ✉♠❛ ❝✉%✈❛ ♠❛✐! ♥=+✐❞❛✱
❛♣%❡!❡♥+❛♥❞♦ ❞❡!❝♦♥+✐♥✉✐❞❛❞❡ ♥♦! ✈❛❧♦%❡! ❡!+✐♠❛❞♦!✱ F✉❛♥❞♦ ♥❛! ❡①+%❡♠✐❞❛❞❡! ❞♦ ❡✐①♦ x✳
❆ ❚❛❜❡❧❛ ✹✳✶ ❛♣%❡!❡♥+❛ ♦! %❡!✉❧+❛❞♦! ♦❜+✐❞♦! ❡♠ !✐♠✉❧❛/0♦ ♣❛%❛ ❛ ❡!+%✉+✉%❛ ❞❡ %❡✲
❣%❡!!0♦ f1✳ ❈♦♥!✐❞❡%❛♥❞♦ ✉♠❛ %❡❧❛/0♦ ♥0♦ ❧✐♥❡❛% ❢♦%+❡ ❡ ♠♦❞❡%❛❞❛✱ ♦ ▼❲ ✐❞❡♥+✐✜❝♦✉ ❛
❢✉♥/0♦ ❝♦♠♦ ❝♦%%❡+❛ ❡♠ +♦❞♦! ♦! ❝❡♥5%✐♦! ❛♥❛❧✐!❛❞♦!✱ ✐♥❞❡♣❡♥❞❡♥+❡ ❞♦ +❛♠❛♥❤♦ ❛♠♦!+%❛❧✳
❊♥+%❡+❛♥+♦✱ F✉❛♥❞♦ ❝♦♥!✐❞❡%❛♠♦! ✉♠❛ %❡❧❛/0♦ ❧❡✈❡ ❡♥+%❡ X ❡ Y ❡ ✉♠ +❛♠❛♥❤♦ ❛♠♦!+%❛❧
n = 128✱ ♦ ▼❲ ✐❞❡♥+✐✜❝♦✉ ❛ ❢✉♥/0♦ ❝♦%%❡+❛ ❛♣❡♥❛! 7% ❞❛! ✈❡③❡!✱ ❞❡ ❛❝♦%❞♦ ❝♦♠ ❛ ❘▼◗❊
❡ ♥❡♥❤✉♠❛ ✈❡③✱ !❡❣✉♥❞♦ ♦ ❊❆▼✳ ❚♦❞❛✈✐❛✱ ❛ ♣❛%+✐% ❞❡ n = 256 ♦ ▼❲ ♣❛!!❛ ❛ ✐❞❡♥+✐✜❝❛%
f1 ❝♦♠♦ ❢✉♥/0♦ ✈❡%❞❛❞❡✐%❛ ❡♠ 100% ❞❛! ✈❡③❡! ♣❛%❛ ❛ ❘▼◗❊ ❡ ❡♠ 96.4% ❞❛! ✈❡③❡! ♣❛%❛
♦ ❊❆▼✳
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◆♦" ❝❡♥&'✐♦" ♦♥❞❡ ❛❞♦+❛♠♦" ❛ ❢✉♥/0♦ f2 ❝♦♠♦ ✈❡'❞❛❞❡✐'❛✱ ✈❡'✐✜❝❛✲"❡✱ ♣❡❧❛ ❋✐❣✉'❛ ✹✳✷✱
<✉❡ ♦ ▼❲ ❝'❡"❝❡ ♥❛ ❛❝✉'&❝✐❛ ❞❛" ❡"+✐♠❛+✐✈❛"✱ ♣'♦♣♦'❝✐♦♥❛❧♠❡♥+❡ ❛♦ ❛✉♠❡♥+♦ ♥♦ +❛♠❛♥❤♦
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♣♦"+♦" ♥❛ ❚❛❜❡❧❛ ✹✳✷✱ <✉❡ ❞✐③ '❡"♣❡✐+♦ N" ♣♦'❝❡♥+❛❣❡♥" ❞❡ ❛❝❡'+♦ ❞♦ ▼❲ ♥❛ ✐❞❡♥+✐✜❝❛/0♦
❞❛ ❢✉♥/0♦ f2✳ ❆""✐♠ ❝♦♠♦ ♥❛ ✐❞❡♥+✐✜❝❛/0♦ ❞❛ ❢✉♥/0♦ f1✱ ♦" '❡"✉❧+❛❞♦" +❛♠❜A♠ ❢♦'❛♠
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❝♦♠♦ ❛ ❞✐)♣♦)✐56♦ ❞♦) %❡)♣❡❝$✐✈♦) ✈❛❧♦%❡) ❡)$✐♠❛❞♦) ♣❡❧♦ ▼❲✳ ◆♦$❛✲)❡ <✉❡ ♥♦ ❝❡♥=%✐♦
❞❡ %❡❧❛56♦ ❢♦%$❡✱ ♠❡)♠♦ ♣❛%❛ ♦ ♠❡♥♦% $❛♠❛♥❤♦ ❛♠♦)$%❛❧✱ ♦ ▼❲ ❝♦♥)❡❣✉❡ ❝❛♣$❛% ♣❡✲
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➱ ♣♦))C✈❡❧ ❡✈✐❞❡♥❝✐❛% ♣❡❧❛ ❚❛❜❡❧❛ ✹✳✸ <✉❡✱ ❞❡♥$%❡ ♦) ❝❡♥=%✐♦) ❡♥✈♦❧✈❡♥❞♦ ❛ ❢✉♥56♦ f3
❝♦♠♦ ✈❡%❞❛❞❡✐%❛✱ ♦ ▼❲ ♦❜$❡✈❡ 100% ❞❡ ❛❝❡%$♦) ♥❛ ✐❞❡♥$✐✜❝❛56♦ ❞❛ ♠❡)♠❛✱ ♥❛) )✐$✉❛5F❡)
❞❡ %❡❧❛56♦ ❢♦%$❡✱ ✐♥❞❡♣❡♥❞❡♥$❡ ❞♦ $❛♠❛♥❤♦ ❛♠♦)$%❛❧✳ G♦% )✉❛ ✈❡③✱ <✉❛♥❞♦ ❛ %❡❧❛56♦ I
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♠♦❞❡$❛❞❛✱ ❡'(❡ $❡'✉❧(❛❞♦ '❡ $❡♣❡(❡ ❛♣❡♥❛' -✉❛♥❞♦ ❝♦♥'✐❞❡$❛♠♦' ❛ ❘◗▼❊✱ ♣♦✐' ❝♦♥❢♦$♠❡
♦ ❊❆▼✱ ❤♦✉✈❡$❛♠ 5 ❡$$♦' ❞❡ ✐❞❡♥(✐✜❝❛9:♦ ♥♦ ❝❡♥;$✐♦ ❞❡ (❛♠❛♥❤♦ ❛♠♦'($❛❧ n = 128 ❡ 22
❡$$♦'✱ -✉❛♥❞♦ n = 512✳
=❛$❛ ♦' ❝❡♥;$✐♦' ❡♠ -✉❡ ❛ $❡❧❛9:♦ ❡♥($❡ X ❡ Y ❢♦✐ ❝♦♥'✐❞❡$❛❞❛ ❧❡✈❡✱ ♦ ▼❲ (❛♠❜@♠
♦❜(❡✈❡ ❞❡'❡♠♣❡♥❤♦ ❞❡ 100% ❞❡ ❛❝❡$(♦'✱ ❞❡ ❛❝♦$❞♦ ❝♦♠ ❛ ❘▼◗❊✱ ♥♦' (❛♠❛♥❤♦' ❛♠♦'($❛✐'
n = 128 ❡ n = 256✳ ❚♦❞❛✈✐❛✱ $❡❣✐'($❛♠♦' ✉♠ $❡'✉❧(❛❞♦ ❛(C♣✐❝♦✱ -✉❛♥❞♦ n = 512✳ ❖❜'❡$✲
✈❛♠♦' -✉❡ ♦ ▼❲ ♥:♦ ✐❞❡♥(✐✜❝♦✉ ❛ ❢✉♥9:♦ ✈❡$❞❛❞❡✐$❛ ♥❡♥❤✉♠❛ ✈❡③✱ ❝♦♥❢♦$♠❡ ❛ ❘▼◗❊✳
❊♥($❡(❛♥(♦✱ -✉❛♥❞♦ (♦♠❛♠♦' ❊❆▼ ❝♦♠♦ ♠❡❞✐❞❛ ❝♦♠♣❛$❛(✐✈❛✱ ♦ ▼❲ ♦❜(❡✈❡ 99.3% ❞❡
'✉❝❡''♦ ♥❛ ✐❞❡♥(✐✜❝❛9:♦ ❞❛ ❢✉♥9:♦ ❝♦$$❡(❛✳
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❧❡✈❡♠❡♥'❡ ❞♦, ❞❛❞♦, ,✐♠✉❧❛❞♦,✳ ➱ ♣♦,,E✈❡❧ ✈❡-✐✜❝❛- ✐,'♦ ♥♦, ❝❡♥:-✐♦, ❞❡ ✐♥'❡♥,✐❞❛❞❡ ❞❡
✷✾
 ❡❧❛$%♦ ♠♦❞❡ ❛❞❛ ♦✉ ❧❡✈❡✱ ❝♦♠ -❛♠❛♥❤♦0 ❛♠♦0- ❛✐0 n = 256 ❡✴♦✉ n = 128✳
❆ ❚❛❜❡❧❛ ✹✳✹ ❛♣ ❡0❡♥-❛ ♦0  ❡0✉❧-❛❞♦0 ❞❡ ❞❡0❡♠♣❡♥❤♦ ❞♦ ▼❲ ♥❛ ✐❞❡♥-✐✜❝❛$%♦ ❞❛ ❢✉♥✲
$%♦ ♥%♦ ❧✐♥❡❛ f4✳ ❊♠ ✈✐ -✉❞❡ ❞❛ ❢✉♥$%♦ f4 ❛♣ ❡0❡♥-❛ ✉♠ ❝♦♠♣♦ -❛♠❡♥-♦ ❜❡♠ ❞✐❢❡ ❡♥-❡
❞❛0 ❞❡♠❛✐0 ❢✉♥$?❡0 ❝♦♥0✐❞❡ ❛❞❛0✱ ♣♦ ❝♦♥-❛ ❞❛0  ❡❧❛$?❡0 - ✐❣♦♥♦♠A- ✐❝❛0✱ ❛ ♣♦ ❝❡♥-❛❣❡♠
❞❡ ❛❝❡ -♦0 ❢♦✐ ❞❡ 100% ❡♠ B✉❛0❡ -♦❞♦0 ♦0 ❝❡♥C ✐♦0 ❝♦♥0- ✉D❞♦0✱ ♣ ✐♥❝✐♣❛❧♠❡♥-❡ B✉❛♥❞♦
❝♦♥0✐❞❡ ❛♠♦0 -❛♠❛♥❤♦0 ❛♠♦0- ❛✐0 ♠❛✐♦ ❡0 ❡✴♦✉ ✉♠❛  ❡❧❛$%♦ ♠❛✐0 ❢♦ -❡✳ ❆♣❡0❛ ❞❡ -❡ ✲
♠♦0 ✈✐0✉❛❧✐③❛❞♦✱ ♥❛ ❋✐❣✉ ❛ ✹✳✹✱ ❧❡✈❡0 ❞❡0✈✐♦0 ♥❛0 ❡0-✐♠❛-✐✈❛0 ❞♦ ▼❲ ♣❛ ❛ ♦ ❝❡♥C ✐♦ ❝♦♠
 ❡❧❛$%♦ ♠♦❞❡ ❛❞❛ ❡ ❛♠♦0- ❛ ❞❡ -❛♠❛♥❤♦ n = 128 ❡ n = 256✱ ♦ ▼❲ ❝♦♥0❡❣✉✐✉ ✐❞❡♥-✐✜❝❛ 
f4 ❝♦♠♦ ❢✉♥$%♦ ♦ ✐❣✐♥❛❞♦ ❛ ❞♦0 ❞❛❞♦0 ❛♠♦0- ❛✐0✳ ❈♦♥-✉❞♦✱ ❤♦✉✈❡ ❛♠ ❡①❝❡$?❡0✱ ❝♦♠♦ ♥♦
❝❛0♦ ❡♠ B✉❡ n = 128 ❡ ❛  ❡❧❛$%♦ ❡♥- ❡ X ❡ Y A ❢ ❛❝❛✳ ◆❡0-❡ ❝❡♥C ✐♦ ♦ ▼❲ ♥%♦ ✐❞❡♥-✐✜❝♦✉
❛ ❢✉♥$%♦ ❝♦  ❡-❛ ❡♠ ♥❡♥❤✉♠❛ ❞❛0 0✐♠✉❧❛$?❡0✱ -❛♥-♦ ♣❛ ❛ ❛ ❘▼◗❊ B✉❛♥-♦ ♣❛ ❛ ♦ ❊❆▼✳ ❆
♦✉- ❛ ❡①❝❡$%♦✱  ❡❢❡ ❡✲0❡ ❛♦  ❡0✉❧-❛❞♦ ❞✐0❝ ❡♣❛♥-❡ ❞❡ 0.0% ❞❡ ❛❝❡ -♦✱ ♥♦ ❝❡♥C ✐♦ ❞❡  ❡❧❛$%♦
❢♦ -❡ ❡ n = 512✱ B✉❛♥❞♦ ❝♦♥0✐❞❡ ❛❞♦ ♦ ❊❆▼✳
❚❛❜❡❧❛ ✹✳✹✿ M❡ ❝❡♥-✉❛❧ ❞❡ ❛❝❡ -♦ ❞♦ ▼❲ 0❡❣✉♥❞♦ ❛ ♠❡❞✐❞❛ ❝♦♠♣❛ ❛-✐✈❛ ❡ -❛♠❛♥❤♦ ❞❛
❛♠♦0- ❛✳ ❋✉♥$%♦ ♥%♦ ❧✐♥❡❛ f4✳
❋♦ -❡ ▼♦❞❡ ❛❞❛ ▲❡✈❡
n ❘▼◗❊ ❊❆▼ ❘▼◗❊ ❊❆▼ ❘▼◗❊ ❊❆▼
✶✷✽ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✵✳✵ ✵✳✵
✷✺✻ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵
✺✶✷ ✶✵✵✳✵ ✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵
M♦ U❧-✐♠♦✱ ❛♦ ❝♦♠♣❛ ❛ ♠♦0 ❛0 ♠❡❞✐❞❛0 ❞❡ ♣❡ ❢♦ ♠❛♥❝❡ ✉-✐❧✐③❛❞❛0 ❛ ❘❛✐③ ❞❛ ▼A❞✐❛ ❞♦
◗✉❛❞ ❛❞♦ ❞♦0 ❊  ♦0 ✭❘▼◗❊✮ ❛♣ ❡0❡♥-♦✉ ✉♠ ♠❡❧❤♦ ♣❡ ❝❡♥-✉❛❧ ❞❡ ❝❧❛00✐✜❝❛$?❡0 ❝♦  ❡-❛0
B✉❛♥❞♦ ❝♦♠♣❛ ❛❞❛ ❛♦ ❊  ♦ ❆❜0♦❧✉-♦ ▼❡❞✐❛♥♦ ✭❊❆▼✮✱ ♣ ✐♥❝✐♣❛❧♠❡♥-❡ ♣❛ ❛ -❛♠❛♥❤♦0
❛♠♦0- ❛✐0 ♠❡♥♦ ❡0 ❡✴♦✉ B✉❛♥❞♦ ❛  ❡❧❛$%♦ ❡♥- ❡ X ❡ Y ❡ ❛ ❧❡✈❡✳
✸✵
✹✳✶ #❡%❢♦%♠❛♥❝❡ ❞♦ ▼❲ ❡♠ ❋✉♥12❡3 ◆5♦ ▲✐♥❡❛%❡3 ❙❡✲
♠❡❧❤❛♥<❡3
❆!✉✐ ♣%❡'❡♥❞❡♠♦, ✐❧✉,'%❛% ,✐'✉❛/0❡, ❡♠ !✉❡ ❞✉❛, ♦✉ ♠❛✐, ❢✉♥/0❡, ♥2♦ ❧✐♥❡❛%❡, ,2♦
,❡♠❡❧❤❛♥'❡, ❡♠ ,✉❛, %❡,♣♦,'❛, ❡,'✐♠❛❞❛,✱ ♣♦✐, ❡,'❛ ,✐'✉❛/2♦ ♣♦❞❡ ❛❝❛%%❡'❛% ♣❡❧♦ ▼❲✱
❞✐✜❝✉❧❞❛❞❡ ❡♠ ✐❞❡♥'✐✜❝❛% ❛ ❝♦%%❡'❛ ❡,'%✉'✉%❛ ❞❡ %❡❣%❡,,2♦ !✉❡ ❣❡%♦✉ ♦, ❞❛❞♦, ❛♠♦,'%❛✐,✳
◆❡,'❡ ❡,'✉❞♦✱ '❡♠♦, ❛ ❡①♣%❡,,2♦ f24 ❡ ❛ %❡❧❛/2♦ ♠❛'❡♠='✐❝❛ f2✱ !✉❡ ❛♣%❡,❡♥'❛♠ ✈❛❧♦%❡,
,❡♠❡❧❤❛♥'❡, ♥♦, ❝❡♥=%✐♦, ❡♠ !✉❡ ❛ ❢✉♥/2♦ f2 ❢♦✐ '♦♠❛❞❛ ❝♦♠♦ ✈❡%❞❛❞❡✐%❛✳ ❊,'❡ ❢❛'♦ ♣♦❞❡
,❡% ✈✐,✉❛❧✐③❛❞♦ ♣❡❧❛ ❋✐❣✉%❛ ✹✳✺✱ !✉❡ ♠♦,'%❛ ♦ ❝♦♠♣♦%'❛♠❡♥'♦ ❞❛ f24 ❛♦ ❧♦♥❣♦ ❞♦, ❝❡♥=%✐♦,
'❡,'❛❞♦,✱ ❜❡♠ ❝♦♠♦ ❞♦, ✈❛❧♦%❡, ❡,'✐♠❛❞♦, ♣❡❧♦ ▼❲✳
❋✐❣✉%❛ ✹✳✺✿ ❘❡❧❛/2♦ ❡♠♣G%✐❝❛ ❡♥'%❡ ❛, ✈❛%✐=✈❡✐, X ❡ Y ❜❛,❡❛❞♦ ♥❛ ❢✉♥/2♦ ♥2♦ ❧✐♥❡❛% f2
❡ ✈❛❧♦%❡, ❡,'✐♠❛❞♦, ♣❡❧♦ ▼❲ ❡ f24✱ ,❡❣✉♥❞♦ '❛♠❛♥❤♦ ❛♠♦,'%❛❧ ❡ ✐♥'❡♥,✐❞❛❞❡ ❞❛ %❡❧❛/2♦
♥2♦ ❧✐♥❡❛%✳
n = 128
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n = 256
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n = 512
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✸✶
◆♦" ❝❡♥&'✐♦" ❡♠ *✉❡ ❛ '❡❧❛./♦ ❞❡ ❞❡♣❡♥❞2♥❝✐❛ ❡♥3'❡ X ❡ Y ❢♦✐ 3♦♠❛❞❛ ❝♦♠♦ ❢♦'3❡✱
♦" ✈❛❧♦'❡" ❡"3✐♠❛❞♦" ♣❡❧♦ ▼❲✱ *✉❛♥❞♦ ❝♦♠♣❛'❛❞♦" ❛♦" ❞❛ ❢✉♥./♦ f24✱ ❞❡♠♦♥"3'❛'❛♠✲"❡
❛❞❡*✉❛' ♠❡❧❤♦' ; ❝✉'✈❛3✉'❛ ❣❡'❛❞❛ ♣❡❧♦" ❞❛❞♦" ❞❛ ❡①♣'❡""/♦ f2✱ ✐♥❞❡♣❡♥❞❡♥3❡♠❡♥3❡ ❞♦
3❛♠❛♥❤♦ ❛♠♦"3'❛❧✳ ❊♥3'❡3❛♥3♦✱ ❡♠ ❝❡♥&'✐♦" ❝♦♠ 3❛♠❛♥❤♦" ❛♠♦"3'❛✐" ❞❡ n ≤ 256 ❡ '❡❧❛✲
./♦ ❞❡ ♠♦❞❡'❛❞❛ ❛ ❧❡✈❡✱ ♦" ✈❛❧♦'❡" ❡"3✐♠❛❞♦" ♣♦' f24 ❛♣❛'❡♥3❛♠ ♠❛✐♦' ❝♦♥3✐♥✉✐❞❛❞❡ ♥♦
❞❡❝✉'"♦ ❞♦ ❡✐①♦ X✱ ❡♥*✉❛♥3♦ ♦" ♦'✐❣✐♥❛❞♦" ♣❡❧♦ ▼❲ ♠♦"3'❛♠✲"❡ ❧❡✈❡♠❡♥3❡ ✐♥❝♦♥"3❛♥3❡"
❛♦ ❧♦♥❣♦ ❞❛ ❝✉'✈❛✳
❊♥3'❡3❛♥3♦✱ ❞❡ ❛❝♦'❞♦ ❝♦♠ ♦" ❞❛❞♦" ❛♣'❡"❡♥3❛❞♦ ♥❛ ❚❛❜❡❧❛ ✹✳✺ D ♣♦""E✈❡❧ ✈❡'✐✜❝❛' *✉❡
❛ ♠❡♥♦' ♣♦'❝❡♥3❛❣❡♠ ❞❡ ❛❝❡'3♦ ❞♦ ▼❲ ❢♦✐ ♥♦ ❝❡♥&'✐♦ ❡♠ *✉❡ ❛ '❡❧❛./♦ ❡♥3'❡ X ❡ Y D
❧❡✈❡✱ ❡ *✉❛♥❞♦ ❝♦♥"✐❞❡'❛❞♦ ♦ ❊❆▼ ✭91.8%✮✳ ❆✐♥❞❛ ❛""✐♠✱ ♠❡"♠♦ *✉❡ ❛ ❢✉♥./♦ f24 3❡♥❤❛
❛♣'❡"❡♥3❛❞♦ ✉♠❛ ♣'❡❞✐./♦✱ ✈✐"✉❛❧♠❡♥3❡✱ "❡♠❡❧❤❛♥3❡ ; f2✱ ♦ ▼❲ ✐❞❡♥3✐✜❝♦✉ ❛ ❢✉♥./♦ ✈❡'✲
❞❛❞❡✐'❛ ❞❡ ♠❛♥❡✐'❛ "❛3✐"❢❛3J'✐❛ ♥♦" ❞❡♠❛✐" ❝❡♥&'✐♦" ❝♦♥"✐❞❡'❛❞♦"✳
❚❛❜❡❧❛ ✹✳✺✿ L❡'❝❡♥3✉❛❧ ❞❡ ❛❝❡'3♦ ❞♦ ▼❲ "❡❣✉♥❞♦ ❛ ♠❡❞✐❞❛ ❝♦♠♣❛'❛3✐✈❛ ❡ 3❛♠❛♥❤♦ ❞❛
❛♠♦"3'❛✳ ❚♦♠❛♥❞♦ f2 ❝♦♠♦ ❢✉♥./♦ ✈❡'❞❛❞❡✐'❛ ❡ ❝♦♠♣❛'❛♥❞♦ ❝♦♠ ♦" ✈❛❧♦'❡" ❡"3✐♠❛❞♦"
♣❡❧❛ ❢✉♥./♦ f24✳
❋♦'3❡ ▼♦❞❡'❛❞❛ ▲❡✈❡
n ❘▼◗❊ ❊❆▼ ❘▼◗❊ ❊❆▼ ❘▼◗❊ ❊❆▼
✶✷✽ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✾✶✳✽
✷✺✻ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵
✺✶✷ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵ ✶✵✵✳✵
❈♦♥"✐❞❡'❛♥❞♦ *✉❡ f24 ✐♥3❡'❢❡'✐✉✱ ♠❡"♠♦ *✉❡ ♠✐♥✐♠❛♠❡♥3❡✱ ♥❛ ❞❡3❡❝./♦ ❞❛ ❢✉♥./♦ ❣❡✲
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■♥❝❧✉2♠♦# ❡#+❛ ❢✉♥78♦ ♥❛ ❧✐#+❛ ❞❡ ❢✉♥7Q❡# ♣❛'❛ +❡#+❡ ❞❡ ✐❞❡♥+✐✜❝❛78♦ ♣❡❧♦ ▼❲✱ ♥♦♠❡❛♥❞♦✲
❛ ❝♦♠♦ f26✳ ❈❛❧❝✉❧❛♠♦# +❛♠❜N♠ ♦ +❡♠♣♦ ❞❡ ♣'♦❝❡##❛♠❡♥+♦ ❞♦ ❛❧❣♦'✐+♠♦ ❞❡ ✐❞❡♥+✐✜❝❛78♦✱
❛ ✜♠ ❞❡ '❡❣✐#+'O✲❧♦ ♣❛'❛ ❝♦♠♣❛'❛7Q❡# ❡♠ +'❛❜❛❧❤♦# ❢✉+✉'♦#✳
❘❡❛❧✐③❛♥❞♦ ✉♠❛ ❛♥O❧✐#❡ ❣'O✜❝❛ ♣♦' ♠❡✐♦ ❞❛ ✜❣✉'❛ ✹✳✻✱ ♣❡'❝❡❜❡✲#❡ :✉❡ ❛ ❢✉♥78♦ f26
'❡❛❧♠❡♥+❡ #❡ ❛♣'♦①✐♠❛ ❞♦# ✈❛❧♦'❡# ❞❛ ❜❛#❡ ❞❡ ❞❛❞♦# '❡❛✐#✳ ➱ ♣♦##2✈❡❧ ✈✐#✉❛❧✐③❛' +❛♠❜N♠
:✉❡ ♦ ▼❲ ❝♦♥#❡❣✉❡ ❝❛♣+❛' ❛ ❝✉'✈❛ ❞♦# ❞❛❞♦# ❡ ❞❡❧✐♥❡✐❛ ❝✉'✈❛ #❡♠❡❧❤❛♥+❡ U ❢✉♥78♦ +♦♠❛❞❛
❝♦♠♦ ✈❡'❞❛❞❡✐'❛✳
✸✸
❋✐❣✉$❛ ✹✳✻✿ ❘❡❧❛-.♦ ❡♠♣2$✐❝❛ ❡♥5$❡ ❛6 ✈❛$✐8✈❡✐6 X ❡ Y ❞❛ ❜❛6❡ ❞❡ ❞❛❞♦6 ✏❝♦❡❧❤♦& ❡✉(♦♣❡✉&✑
❡ ❞♦6 ✈❛❧♦$❡6 ❡65✐♠❛❞♦6 ♣❡❧♦ ▼❲ ❡ ♣❡❧❛ ❢✉♥-.♦ f26✳
0 200 400 600 800
3
.0
3
.5
4
.0
4
.5
5
.0
5
.5
Idade dos coelhos (em dias)
P
e
s
o
 d
a
s
 l
e
n
te
s
 d
o
s
 o
lh
o
s
(e
m
 m
g
)
f.26
MW
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f9 ✹✳✵✸ ✹✳✶✼ f22 ✺✳✵✸ ✺✳✶✼
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❛ 128✳
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❈❛♣#$✉❧♦ ✺
❈♦♥*✐❞❡.❛/0❡* ❋✐♥❛✐*
❆ !❡❣!❡$$%♦ ♥%♦ ❧✐♥❡❛! !❡♣!❡$❡♥,❛ ✉♠❛ ✐♠♣♦!,❛♥,❡ ,/❝♥✐❝❛ ❊$,❛,2$,✐❝❛✱ ♣!✐♥❝✐♣❛❧♠❡♥,❡
♣♦! $✉❛ ❢!❡5✉❡♥,❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ♣!8,✐❝❛ ❡♠ ♦✉,!❛$ 8!❡❛$ ❞❡ ❝♦♥❤❡❝✐♠❡♥,♦✳ ❊♥,!❡,❛♥,♦✱ ❛
❡$❝♦❧❤❛ ❞❡ ✉♠❛ ❢✉♥;%♦ ♥%♦ ❧✐♥❡❛! 5✉❡ ♠❡❧❤♦! !❡♣!❡$❡♥,❡ ♦$ ❞❛❞♦$ ♥%♦ / ✉♠❛ ,❛!❡❢❛ ❢8❝✐❧
5✉❛♥❞♦ ❛ ✈❡!❞❛❞❡✐!❛ !❡❧❛;%♦ ♠❛,❡♠8,✐❝❛ ❡♥,!❡ ❛ ✈❛!✐8✈❡❧ !❡$♣♦$,❛ ❡ ❛$ ✐♥❞❡♣❡♥❞❡♥,❡$ /
❞❡$❝♦♥❤❡❝✐❞❛✳
❇❛$❡❛❞♦ ♥❡$,❛ ♣!♦❜❧❡♠8,✐❝❛✱ ❛✈❛❧✐❛♠♦$ ♦ ❞❡$❡♠♣❡♥❤♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ !❡❣!❡$$%♦ ✇❛✲
✈❡❧❡, ✭▼❲✮ ❞❡ ♠♦❞♦ ❛ ✐❞❡♥,✐✜❝❛! ❛ ❢✉♥;%♦ ♥%♦ ❧✐♥❡❛! ♠❛✐$ ❛❞❡5✉❛❞❛ ♣❛!❛ !❡♣!❡$❡♥,❛!
✉♠❛ !❡❧❛;%♦ ❧✐♥❡❛! ❡♥,!❡ Y ❡ X✳
❯♠ ❡$,✉❞♦ ❞❡ $✐♠✉❧❛;%♦ ❢♦✐ ❝♦♥$✐❞❡!❛❞♦ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥,❛ ❞✐❢❡!❡♥,❡$ ❢✉♥;F❡$ ♥%♦ ❧✐♥❡✲
❛!❡$✱ ,❛♠❛♥❤♦$ ❞❡ ❛♠♦$,!❛✱ ❜❡♠ ❝♦♠♦ ♦ ❣!❛✉ ❞❡ ❛$$♦❝✐❛;%♦ ❡♥,!❡ ❛$ ✈❛!✐8✈❡✐$ Y ❡ X✱ ♥✉♠
,♦,❛❧ ❞❡ 36 ❝❡♥8!✐♦$ ❞✐$,✐♥,♦$✳ G❛!❛ ❝❛❞❛ ❝❡♥8!✐♦ ❢♦!❛♠ $✐♠✉❧❛❞❛$ 1000 !/♣❧✐❝❛$ ❞❡ ▼♦♥,❡
❈❛!❧♦✱ ❛ ✜♠ ❞❡ ❛✈❛❧✐❛! ❛ ,❛①❛ ❞❡ ❛❝❡!,♦ ❞♦ ▼❲ ♥❛ ✐❞❡♥,✐✜❝❛;%♦ ❞❛ ❢✉♥;%♦ ✈❡!❞❛❞❡✐!❛✱
❝♦♥$✐❞❡!❛♥❞♦ ❞✉❛$ ♠❡❞✐❞❛$ ❞❡ ♣❡!❢♦!♠❛♥❝❡✳
❱❡!✐✜❝❛♠♦$ 5✉❡✱ 5✉❛♥,♦ ♠❛✐♦! ♦ ,❛♠❛♥❤♦ ❞❛ ❛♠♦$,!❛ ❡✴♦✉ 5✉❛♥❞♦ ♦ ❣!❛✉ ❞❛ !❡❧❛;%♦
♥%♦ ❧✐♥❡❛! ❡♥,!❡ Y ❡ Y / ❢♦!,❡✱ ♦ ▼❲ ♠♦$,!♦✉✲$❡ ❡✜❝✐❡♥,❡ ♥❛ ❞❡,❡❝;%♦ ❞❛ ❢✉♥;%♦ ♥%♦
❧✐♥❡❛! ❣❡!❛❞♦!❛ ❞♦$ ❞❛❞♦$ ❛♠♦$,!❛✐$✳ ❊$,❡ !❡$✉❧,❛❞♦ / ❛♥8❧♦❣♦ ♣❛!❛ ♦$ ❝❡♥8!✐♦$ ❞❡ !❡❧❛;%♦
♠♦❞❡!❛❞❛✳ ❊♥,!❡,❛♥,♦✱ 5✉❛♥❞♦ ♦ ❣!❛✉ ❞❛ !❡❧❛;%♦ ♥%♦ ❧✐♥❡❛! / ❛♣❡♥❛$ ❧❡✈❡✱ ♦ ▼❲ ❛♣!❡✲
$❡♥,♦✉ $❡✉ ♣✐♦! ❞❡$❡♠♣❡♥❤♦✱ ♣!✐♥❝✐♣❛❧♠❡♥,❡ ❡♠ ♣❡5✉❡♥❛$ ❛♠♦$,!❛$ ✭n = 128✮✳
❈♦♠ !❡❧❛;%♦ L$ ♠❡❞✐❞❛$ ❝♦♠♣❛!❛,✐✈❛$✱ ♦ ❊!!♦ ❆❜$♦❧✉,♦ ▼❡❞✐❛♥♦ ✭❊❆▼✮ ♥%♦ ❛♣!❡$❡♥✲
,♦✉ ❛$ ♠❡❧❤♦!❡$ ,❛①❛ ❞❡ ❝❧❛$$✐✜❝❛;%♦✱ 5✉❛♥❞♦ ❝♦♥❢!♦♥,❛❞♦ ❝♦♠ ❛ ❘❛✐③ ▼/❞✐❛ ❞♦ ◗✉❛❞!❛❞♦
❞♦$ ❊!!♦$ ✭❘▼◗❊✮✳
❆♦ ❝♦♠♣❛!❛! ❢✉♥;F❡$ ♥%♦ ❧✐♥❡❛!❡$ $✐♠✐❧❛!❡$✱ ♦ ▼❲ ❛♣!❡$❡♥,♦✉ ✉♠❛ ♣❡!❢♦!♠❛♥❝❡ $❛,✐$✲
❢❛,P!✐❛ ❞❡ ♠♦❞♦ ❛ $✐♥❛❧✐③❛! ❝♦!!❡,❛♠❡♥,❡ ❛ ✈❡!❞❛❞❡✐!❛ ❢✉♥;%♦ ❣❡!❛❞♦!❛ ❞♦$ ❞❛❞♦$✱ ♠❡$♠♦
♣❛!❛ ♣❡5✉❡♥♦$ ,❛♠❛♥❤♦$ ❞❡ ❛♠♦$,!❛✳
◗✉❛♥❞♦ ❛♣❧✐❝❛❞♦ ❛ ✉♠❛ ❜❛$❡ ❞❡ ❞❛❞♦$ !❡❛❧ ♦ ▼❲ ✐❞❡♥,✐✜❝♦✉ ❛ ❢✉♥;%♦ ❛❞❡5✉❛❞❛ ❞❡✜✲
♥✐❞❛ ♣❡❧❛ ❧✐,❡!❛,✉!❛✱ ,❛♥,♦ ♣❡❧♦ ❊❆▼ 5✉❛♥,♦ ♣❡❧❛ ❘▼◗❊✳
◆♦ ❣❡!❛❧✱ ,❡♠✲$❡ ❡✈✐❞R♥❝✐❛$ ❞❡ 5✉❡ ♦ ▼♦❞❡❧♦ ❞❡ ❘❡❣!❡$$%♦ ❲❛✈❡❧❡, ♦❜,❡✈❡ P,✐♠♦ ❞❡✲
$❡♠♣❡♥❤♦ ♥❛ ❞❡,❡❝;%♦ ❞❡ ❢✉♥;F❡$ ♥%♦ ❧✐♥❡❛!❡$✳ G♦!,❛♥,♦✱ ❝♦♠ ❜❛$❡ ♥♦$ !❡$✉❧,❛❞♦$ ❛5✉✐
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✫ 0♦♥0✱ ✐♥❝✳ ♣✉❜❧✐❝❛6✐♦♥✱ ✶✾✽✷✳
❍❊❙❚❊◆❊❙ ▼✳❘✳❀ ❙❚■❊❋❊▲ ❊✳❀ ▼❡/❤♦❞* ♦❢ ❈♦♥❥✉❣❛/❡ ●'❛❞✐❡♥/* ❢♦' ❙♦❧✈✐♥❣ ▲✐✲
♥❡❛' ❙②*/❡♠*✳❏♦✉1♥❛❧ ♦❢ ❘❡0❡❛1❝❤ ♦❢ 6❤❡ ◆❛6✐♦♥❛❧ ❇✉1❡❛✉ ♦❢ ❙6❛♥❞❛1❞0 ❱♦❧✳ ✹✾✱ ◆♦✳✻
♣❣ ✹✵✾✲✹✸✻✱ ❉❡❝❡♠❜❡1 ✶✾✺✷✳
✸✼
❑❖❱❆❈✱ ❆✳❀ ❘✿ ■!!❡❣✉❧❛! ✇❛✈❡❧❡) )!❛♥+❢♦!♠ ✭❞❡❝♦♠♣♦+✐)✐♦♥✮ ✳ ❈♦❞❡ ❈♦♣②/✐❣❤3 ❆/♥❡
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f1(x, β) =
β1
β2 + eβ3x
f2(x, β) = β1 + e
−β2x = β1 − 1
eβ2x
f3(x, β) =
β2x
β1 + x
f4(x, β) = β1 cos(2x) + β2 sin(x)
f5(x, β) = β1 − β2
β3 + x
f6(x, β) = β1e
−x
β2
f7(x, β) =
β1
1 + x
β2
f8(x, β) = β3 +
1− β3
1 + e−β1−β2x
f9(x, β) =
1
1 + e−β1−β2x
f10(x, β) = 1− e−β1x
f11(x, β) = β1 + (1− β1)(1− e−β2x−β3(x2))
f12(x, β) = 1− e−β1x−β2(x2)
f13(x, β) = 1− e−β1x−β2(x2)−β3(x3)−β4(x4)
f14(x, β) = β1e
β2x
f15(x, β) = β1(1− e−β2x)
f16(x, β) = β1(β2 − e−β3x)
f17(x, β) =
β1x
β2 + x
f18(x, β) = β1e
−0.5
x−β2
β3
f19(x, β) =
β1 + β2x
1 + β3x+ β4x2
f20(x, β) = β1 cos(x+β4)+β2 cos(2x+β4)+
+β3 cos(3x+ β4)
f21(x, β) = β1(x− β2)β3
f22(x, β) = β1e
−eβ2−β3x
f23(x, β) =
β1
1 + eβ2−β3x
f24(x, β) =
1
β1 + β2x
f25(x, β) =
1
β1 + β2x+ β3x2
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